Pebble sets and a Polytopal
Generalization of Sperner’s
Lemma
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Sperner labelling

1,2,0r3
for vertices on facet #4

2,3,0r4
for vertices on facet #1

1,2,3,0r4
on interior vertices

2or4

lor2
2or3

on this edge
facet # 3 underneath
facet #2 in back




Generalization of Sperner's lemma

(De Loera, Peterson, Su 2001)

SPERNER’S LEMMA. Any Sperner labelling of a triangulation of a
d-simplex must contain an odd number of full cells; in particular, there is at
least one.

THEOREM 1. Any Sperner labelling of a triangulation T of an (n,d)-
polytope P must contain at least n — d full cells.
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Main idea

There is such function and a finite set of points, that the pre-image of each
such point corresponds to a full cell.

Thus finding full cells corresponds to looking for this finite point set.



Let P be an (n,d)-polytope with Sperner-labelled triangulation T.
Consider the piecewise linear (PL) map f : P — P that maps each vertex
of T to the vertex of P that shares the same label, and 1s linear on each
d-simplex of 7. The next proposition will be very useful:

PROPOSITION 3. The map [ : P — P defined as above is surjective, and
thus the collection of full cells in T forms a cover of P under f.
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PROPOSITION 3. The map [ : P — P defined as above is surjective, and
thus the collection of full cells in T forms a cover of P under f.
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PROPOSITION 3. The map f : P — P defined as above is surjective, and
thus the collection of full cells in T forms a cover of P under f.
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Pebble set

DEFINITION. A pebble set of a (n,d)-polytope P is a finite set of points
(pebbles) such that each d-simplex of P contains at most one pebble interior
to chambers.




THEOREM 4. Any (n,d)-polytope contains a pebble set of size n — d.
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FIG. 2. A pebble set with pebbles p;, p,, p3-



THEOREM 4. Any (n,d)-polytope contains a pebble set of size n — d.

FIG. 3. A pebble set with pebbles p,,p,,p3,q;°,q,°. The pebbles q;°, q,° (not shown) lie just
above q;,q, on the base of the polytope. Note how q,,q;,q, arise from the pebble set
construction in Fig. 2.



LEMMA 5. Let S be a d-simplex spanned by vertices of P. If S contains p;,
then S must also contain v; as one of its vertices.




LEMMA 7. Any d-simplex S spanned by vertices of P contains no more
than one pebble of Q.
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Covers and triangulations

THEOREM 2. Let ¢(P) denote the covering number of an (n,d)-polytope P,
which is the size of the smallest cover of P. Then, ¢(P)>=n—d. This
result is best possible as the equality is attained for stacked
polytopes.



Covers and triangulations

Theorem 2.1 (Bliss-Su). Let P be a polytope. Let C(P) be the size of the minimal
cover of P, using only simplices spanned by the vertices of P. Let T'(P) be the size of a
manimal triangulation of P, possibly using vertices that are not vertices of P. Then

C(P) < T(P).



Upper bounds for the size of pebble sets

The triangulation number of cubes:

dimension
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1493

5104 < T <11944
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Upper bounds for the size of pebble sets

Lower bounds for the triangulation number of symplotopes (product of s segments
and t triangles):

t

S 0 1 2 3 4 5 6 7

0 1 1 6 50 423 4240 50179 732543
1 1 3 20 163 1523 16467 232398 3267672
2 |2 9 68 612 6048 74586 989216

3 |5 33 256 2499 28333 355024 5118845

4 16 136 1054 10784 120878 1629902

5 | 60 532 4552 48713 576338 9090179

6 | 250 2203 19416 216057 3096452

7 | 1117 8897 92047 1134649 16362555

8 | 4680 44740 450047 6001487

9 | 21384 218063 2392586 36139265

10 | 95708 1144311 13708102

11 | 516465 5853664 75322333

12 | 2906455 33135045

13 | 16372399 197669956

14 | 91944719

15 | 522902357




Pebble sets in convex polygons

(Iga, Maddox 2005)

Definition 1 A pebble set S in a convex n-gon P in the plane is a set of n — 2 points

in the interior of P so that every triangle determined by vertices of P contains exactly
one point of S in its interior.

Corollary 6 If P is an n-gon (n > 4), then the number of peripheral pebble sets is
n2" >,

Theorem 16 If P is a regular n-gon, then all pebble sets are peripheral.
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