Serudelinite Jogrocoming J3ounds

Mona. Dostert
( KTh Royol Insfitudte of Technology, StocRhdlemn)

()O\('\‘\ Wotk (aith

Alexarder Kolpakov “Fernando Ofiveira
(Neuchotel) (Del\st)



Tac King of unit disks by hsxo%ono& lottice
Eodn disk touches 6 disks
= u4vera8e Rissng Twmber of 4he
"Lexagonaé bttice s 6



Poc k’mg ot unit disks by he xa%ono& lotEice

Eodh disk touches 6 disks
=> Average Rissrg mumber of 4
"Lexa%onaf bthice s 6

The disks can have any rodii

here: + any Black dlisk touches 412 disks
- ony green disk +toudes 3B disks

- the average (s sti¢é &




Average Keang Nombs |

Toc k’mg o§ unit disks bg \’Lexa%onaﬁ lattice

Eodn disk touches 6 disks
= Average Rissng mumber of 4o
"Lexa%onaf bthice (s 6

The disks can hove any rodii

here: « any Black dlisk touches 42 disks
- ony green disk toudes B disks

- the average (s stite &6

(on we increose. the. gvera ge ‘R'\ss'\nﬂ numboer bg
0dding more smaller disks €



j:& CE\ng O§ bQ[ < N ,)Rn: \-flﬂ( le S€JC O}? \T\ter\Or-d\.%jOiﬁ't C(OSfd b(l(es

(ontact grophs of a packing J = groph widh verkex set & in which o
balls X ard Y are adjoink (f XnY+@



A c\:\ng £ boll i R: finite set of interior-disjoint closed balls

(Confact grophs of a pocking P+ groph aith verbex set & in udhich two
balls K and Y| e adjoink (f XnV+&

Average li\sﬁ'\ng aumber in |-

wheoe S'( G) der\o’ces Qverage degree o\.? 6.



P c\:\ng # boll i R finite set of interior-disjoint closed balls

(Contact gmphs of Q pac':ing P: gmph it verbex set & in which Hwo
balls X and Y ave adjoink (f XnY+@

Average *i\ss'\ng aumber in ® -

where 'S( &) denotes Owveroge degree o§ 6.

Koebe- Andrew - Thurston : (ontoct grophs for packings of disks on the plane
are  Smple planar grophs = k,=6




:s?or n>2: problem unsobved.



for n>2: problem unsobved.

ower lbounds: « Kissing number of o lattice
- For dimengion 3t ko2 12.612 (Eppstein, Kupexberg\:%iegeer)



\-}’or n>3: problem unsobved.
Jower bounds: - K(sséng number of o lattice
- For dimengion 3t ko> 12.612 (Eppstein, Kupexberg\%egeer)

uPpe( bour\dsz Jet g) be (Lpackingl \’(X) (o0hus OJC Xéj)
GCRE) contact graph of &, T Kissing number



J(’or n>2: problem unsofved.
JLower bounds: e Kisséng number of o lattice
. For dimension 3t k. » 12.612 (Eppstein, Kupexbefg\f%\'eg@er)

Upper bounds:  Jet Pbe apackingl ¢ (X) rodius of Kel
GCRE) contact graph of &, Tn Kissing number
# of reignbors of X with radius at least r(X) ¢ Tn



for N> problem unsobved.
ower lbounds: « Kissing number of o lattice
- For dimension 3¢ ko> 12.612 (Fppstein, Kupexberg\f,z\'egeaf)

Upper bounds:  Jet Pbe 0 padking, ( (X) rodius of XeP
GCRE) contact graph of &, Tn Kissing numlber
# of reighbors of X with rodius at least r(X) & Tn

(B[ 27 1{xY}eErXerMY £ Ty | P

Xe?P



J()or n>2: problem unsolved.
Jower lbounds: » K(sséng number of o lattice
. For dimension 3: ka» 12.612 (Eppstein, Kuperberg\f%{egea’)

Upper bounds:  Jet Pbe apacldng, ¢ (X) rodius of Kel
GCF E) contact graph og P, T Kiss\(\% aunmber
# of reignbors of X with rodius at least r(X) & Tn

B[ &7 X3 eErNer) £Ty 1P

Xe?P

SC@ %U;(l £ 4T = X & LT



First nondrivial upper bound by Kuperberg & Schramm
= k£ 8+1413 =44.998..

Glazyrin tefines this approoach : Ky £ 43.955

and extends it to higher dimension
beots QT. Upper bound for n=45

OUY 300&°~ Qeg\'ne G\_(azﬂr\n‘s Qpproach bg us’mg
Semidefinite  pr 0gramming.



Euclidean (nner product - X'\r%&‘ga, Xyl

(n-A)dim unit sphere SM={X€"%“: "X“"‘A}

distance befween x,yeS™ + arccos xy

surfoce meosure of (-)dim sphere of rodius -+ Gop (w=c)

spherical cap in S of center xeS” ondk f0dUUS ot { ye S Xy 7 Cos o]

mormabized QPQOKOj. s c@p: " j M—ui)m‘f- ow



\ let 0>1, r>0, dimension n»3
‘ a B, :ball of radius r f&ngemf to ‘B,



6(021 an's U e Boued

N let Io>4, r>0, dimension N73
‘ @ B¢ ball crf rodius ¥ f&ngenf to 8,
B n /DSM s either emply or avsphencal cgo.

Normolized area. of this spherical cap:

_ Oy (B, npS™)
’qﬂ'P r coe (p s™)

0S O Q unchon o§ 1S mono{:on('ca((g increasc'ng.



6(021 an's Upper Boued




6(021 an's U P Houed

fix p»1 and consider unit ball at origin.
Ar\g conﬁg uration of poiruise intesior -disjort bolls tanam% o centrol
unit ball covers a grodc'\on of pSM centered ok orig\n.

dens,, - sup of covered frochon over all configurations



6(021 an's Upper Boued

olet G=(PE) of o packing P in R S Am‘,(%})) +A,, (%)X%) 2 o Ao AE]
€
r(X): radivs of Ke



6(021 rin's Upper Boued

n C r (Y)
det G-(RE) of a packing Pin R 5 A (Th)+A, (5G] 2 L AneNIEL

r (X): radius of Ke P ()
N(X) - set of negh\oors of Xe ] GYlee



6(021 an's Upper Boued

dek G-(RE) of 0 packing PR 5 AL (D) A, (58] 2 2 AN E

r (X): rodivs 0‘} Ke P
N(X) - set of negh\oors of XeP {XYle



6(02! an's Upper Houed

oLet G=(PE) of& pack'\ng Pin®R > E,qn",(%)) +A”'P (‘;'%%) 2 o /qn,P(A) |E|
r(X): radivs of Ke
N(X): set of newghoors of Xe KYjee

for p<3:A,,(1)>0 < P! dens, (0

> AE| £ densn(p)
JEERN 2 - NN7)




6(021 an's U P Boued

olet G=(RE) of o packing P in K > An,[,(fr%?)) +A, (—((—-) o ,Cl () IE|
(X Ve F
r(X): radivs of Ke

(%) r() _ r ()
N(X) - set of r\egh\oors of XeP (X,)’Z}e E'q“'f’(r(Y)) +An,p (r( x)) )(ez? ZNO/?WP( r(X\)

q:DFP<3I)QnIP(/()>O < | P densn((ﬁ

_\, AEL £ dens (e o




6(025 an's Upper Boued




6(021 an's Upper Boued

2

,O+3
e

Aop) rormabized orea of sphencal cap of radius oL s 4. cos =
=) We. Can COW\PU*C An'P(A) QXPQAQ\W gor N3,



6(021 an's Upper Boued

,O7‘+3

Anp) :rormalized s of sphencal cop of radius ot 54 Cos =
=) e can ompute AQ‘P(A) exp&c}dg gor WRY

For dens,co)e1, p=13 + ky€44.928. (Kuperbery & Sdwoenm)

< 34.680.. |
1;, 77756, } (Glazgm)



p+3

Anp) :rormabized oves of sphencal cap of radius ot s 4. cos =
=) We_ Can CONP(A*C AQ‘P(A) e)(peko\w :?0( WY

For dens,co)¢4, p=13 + ks 44,928, (Kuperberg & Sdramm)

SEL O
 <qr7ss ) (O™

Glozymn improved. upper bownd, for dens, (##55) = k¢ 43.955.



Hefiruing Gloyrins

«SQ ml.de

Ao incteasing in rand hes a mit A, (=) @ é)

0pprooch using
























































































