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Theorem (Ramse%) 920) 1L n 2 nlk,r), then ever
r-colourn'n% ol E(Kn) yelds a monochromatic K, .

G—=H), = Ve EGy»{,.r\3i () =H

Corollary. If 1> n(H,r), Hen K,—=H).

This talk.. RQP‘O«O: Ko with 6"'[’ ond S}ud\é i {:u ol
}AlP) = M (P> = (]P( 6"‘]’ = (H)r)



H(P) = (HD(Gnnp o (H)r)

facts V(O) =0 -H(l)=| ‘M IS imcvcasin% 4 continuous

Theotem (Bollobds-Thowason [98%): Let pe= i k). Veso 3¢,
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Deflinition. A function p:IN [0l is a. Heshold for
0. opoph poperty  P= (&) i

m Howed)=]" P7F
O_, P<<-P
Theotem (Bollobas-Thomason HS?) EVGV%) mohotone.

and nowtrivial %ral)h Propeyjra hos a thrediold.

Question. The prope,rﬁa G (H)r is monotone & nontrivial .
Whese is the fhreshold *



Theorem (Red|-Rucinski [995). For oll™ H and r2 2

there o C,,c, >0  such that

mle: .
n_’!ﬂp ( P ( ) L O, 19 . Con’m,(u)

where W)= wox L3257 FeH, erad | (l-dens'*a\

H=K,, r=2 : Fronkl-Redl (193¢) b tucok Rucinski - Voigt (1112)



Intuition behind the location of the Hreshold -

I8 p= cn_'#" 8 FeH sotislies IM,L(H\= %:jl ., Hen

E[#copies ol Fe 6..,, cz>n+ajniv%e | aeGn.,o] = @( C,CF-').
N(e,F)

O- stofement : If N(E,,F) z r-1 for =ome 8’66"'? . then

one can eyjrencl CJW\%S F-l;rce, r-c.olouriWé) +O &

|- sfofement: See. Nenadov —Steger (2016)



Definition. A function p: N[0 is a sharp threshold
[or a %mph Prt:perhé3 F=(2) i for c:ve,né5 2 )

L p2(+edp

.!M 113(6"%' ég")= 0, pe(-8)p

Examples:
* shorp Hh: comectivity, Hawniljrovxic.ijr?3

* Coorse (V\on-s\noq)) th: 2

F\(iedﬁ,d': Sharp th ~ '%lobo\' Ppﬂes & coarse ‘H’l 2 |oca\‘ PPHCS 7'



Theorem (Fyied@fr 494). I a oyoph PPJ% has a comrse th,
Hhen it comelates with a local Pp\%
QUESHOY\Z ls ‘l'he, ‘PPJ% Gn.‘;_b (H)r ’loca\‘ or ’odlobod' Q

TheOTCW\ (F”Ed%lt = K”VE’JQVK’J/\ lOOD> CDV..P S (K.,Q,. OV\O‘
Gu.P = (‘—‘—‘—‘),; have, coarse, Jrl'\', {br evev% ojﬂ'ley
hee. T & r22, Guw—=(r hos a s\(\arp h.



Theorem | Friedgut-®asdl- Rucihd-Tedoli 2006). Gup — (Ko),
hos a shavp th.

Conjecture (FRRT). Gup = (H)r hos o sharp th § Hzcycle

Theorem [ Schocht- Shulenburgy 2018) Gup = H), hos o harp 4
Jen His hichy Jtoled & ey bipartite

H@%J_ How - Person - Schacht (105) (Z/—N)P e (k-RP).z



Theorem | Frl‘ed%;j - Kupervosser ~S.-Schocht 1000+)
f Helclique, ccle, . L, then Gup=(H), hos o harp th Jor all 3

The, veminder of His talk : proof aufline for H=K,&r=3.



et plp) = PG = (K),) and assume Hhot H 15 coare.
= 3T < [ca™cn™ I1-QUn") a Vpel s p)< )
> Jpel  plp)= Olp™)
Ton| Friedget 1) 380 4 ooh B v Ol edes s
c PGup 0 @B (K),) 3 ) +§
- P(BeGn,) = )



Corol\cméy 3e>04 goph B with O edges s.t.
for Z~6Gup, With Pmbabilf’% e

oblz o6 el ) -
B P(Zo @) = Ky), 12) e

We lix one Z .sa‘ris{%in% ()& (6); bté . We Woil ask 7.
ovoid oy ‘bad ewent B sit. (H)(G..Péﬁﬂ <G

By (), Z#(Ks), s0 T proper colouingl Z—>1R,C B,



Fi)( ome. Prz)Per‘ C,OlOUTI.nS Z—’{R, .B?S

VA

eekK,

R is unawibbe of e

Observation. If a ﬁﬁon%le T is foreed to some colowr,

Pl

eekK,

R, B are uwowilable of

%
Is force,ol ot e

Hen the c,olour‘m%3 camat be. extepded to ZoT.



Prool ou@rliwe;;

® Show that every  proper chouﬁv% of Z
® ﬁOTC&S &(WQ) €d%es b sowe. colour,
® forces f.(n°) triangles fo soime colour

® Bound (fP( Gwe avods all forced K$s> from above for every
fixed proper c,olouriw% of 2

® Union bound over all c;OlouriV\OGSI

,/-2 < ‘HD(ZU GWeP'IL’(Kz,)S\ £ HJ GMP aVOiAS al j:OVCQA Kbs) =)

for some proper c,o'ouvl'na



® E\/@ﬂ& proper c,olourln%\ of Z Lorces Qi) ed%es to some. colour
Suppose. owl%\ o) ed%es arc {orced . Then
TP(L@(‘P:) contoins a foreed edaej < e(®) o) = oll).

As K, is -Sh'idha I-bolanced & e(2)=O(n*)

ZoeB) has a Jrriavvale, st
| < e(Taw®) < e(T)

= oll)

PlZae(®)+ D or

ﬁ‘ Z_U CP({E)—’(KB\'.&,
B (6), Jp - each ec@®) has 21 awailable colours

L'K&,SI'V\ZU IA’/\>




i Ao CP(‘E)\ =2 (Ks\s
o) edges (i) each ee@®) has 2 owailble colours

ced o a col.
o (ii}) Kes in Zo : A : 7\ )

Keyy property #1: IE PLB< Gop)= RN lequv. ml)emli),
hen B is d-choosable wrt. K.s.

KP4 = Jproper colouviv%og @(B) using, avoilable colours
= the. proper colourinod ol Z con be extended fo ¢lB)
= Lvu Cp(B) 4’(155)3 é



& E\/f.uﬂé3 proper oolourln% of Z forces AU Kis fo sone. colour

Even though () ed%e,s are. {orced to some. colour, Jrhe‘éS
could fom a K, -Lree %mph

Ke% PYCP&"‘% Sl porfiol {R.B]}-colou\rin% of &,
conlains 2.0n") man, M then it wugt also contain

Un") w\omta %&




@ Bound P(Gug ovoids all forced K,s)
Jansons inequality = P(..) < exp ("CeWLP>
@ Union bound over all colourings
. € P(ZoGne, 7 Ks), ) 2 #oolourim%& sz exp(-cewzp\
heolowings of Z € 37w 3P
PL.) > P(Gne=2) = expl-£np)

The union bound is too large I



Lemmo.. 3£amil% € ol E’,XP(O(V\IP\\ po\rhal colourim%s al 7

(i) every proper ol of Z exends come ceC,
(ii) even& cel forces QUn) ed%es o some. colour
(ond therefore also dLin®) +n'an6k’53.

Improved union bound :
’/& TP(Z Gnar# \ |C| CXP( eVlP) )

How to prove fhe lemma®  Contaivers for a M\éper%mp\'\
on Zx{% 0,8 arising fom plB) sd Zuel®) (K]



Sufficient conditions for h [Gup = (H),) bc:iv% sharp:
KP#O: H is shrictly 2-balanced.
KP4 18 m(B) < my(H), +hen B is 2-choosable w.ri H
[rom lists = 2h.,r

KP+2: For eVex%) parl‘ial il,...,r-llb‘col ob K

:H: > SL( Vli+(r-i)(vn~11) :> '-'H=- S Q ( V\VH +(r-|)lvn-1))




