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Theorem Ramsey 1930 If n z n l k r then every
r colouringof Elkn yields a monochromatic Kk

G H r Vc ElG El rb I i c ti z H
G isRamseyforH in rcolours

corollary If n z n lH r then kn HHr

Thistalk Replace Kn with Gmp and studythe function

µIp µHrnlp PlGnp Hh
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0 Hr Kn Hlr pep GmpEGmp luisapolynomial
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Definition Afunction F IN toD is a threshold for
a graph property D Pn if

titff PlGmp CPn f f Yon
HnHn a

p1h11pm 0

Theorem IBolloba'sThomason 1987 Every monotone
and nontrivial graphproperty has a threshold

Question The property G Hh is monotone nontrivial

Where is the threshold



Theorem Rod1 Rucinski 1995 For all H and r 22
there are co c 0 such that

iiinMon HH fo In.FI

where MalHl Max GET Fe H ee 22 12density
unless H is a forestof stars or H r L

e.g

H Ks r L FranklRod14986 LuczakRucinski Voigt 119921



Intuition behind the location of thethreshold

tf p c n
MIT Fe H satisfies MalH FEEL then

EI copies of F EGmp containing elecGn.pl 01 IF

O statement If Nle F E r 1 for some eeGmp then

one can extend any F free r colouring to e

I statement See Nenadov Steger 12016



Definition Afunction F IN toD is a sharp threshold

for a graph property D Pn if forevery Eso
l p zHE ftiny PIGnip CPn O pea E ph

Examples

sharp th connectivity Hamiltonicity D loginIn

coarse nonsharp th z k f 11h

PIGman4kg expI 36 0111

Friedgut sharpth n global ppties coarse th n local ppties



Theorem1Friedgut 19991 If a graph ppty has a coarse th

then it correlates with a local ppty

Question Is the ppty Gmp H r local or global

Theorem Friedgut Krivelevich2000 Gmp kik and

Gmp l ok have coarse th for everyother
tree T r 2 Gmp Tlr has a sharp th

KickDr I kik r s f
boththese graphs appear attbelow 01 n

MIT 0In l



Theorem IFriedgut Riedl RucinskiTetali 2006 Gnp Ks
has a sharp th 65pages

conjecture IFRRT Gmp Hhhas a sharpth if Hzcycle

Theorem1Schacht Schulenburg2018 Gmp Hkhas a sharp th
when H is strictly2 balanced nearlybipartite

Mal MdH1forFEH XIHIe L forsomeeEH

Friedgut Hain person Schacht12015 Zn p KAP 49pp

Allthese results assume r I



Theorem1Friedgut Kuperwasser S Schacht 2020 1
If Hecliquecycle b then Gmp H r has a sharpth for all r22

strictly2balanced twoextrappties

The remainder of this talk proof outline for H K r 3



Let µIp P Gmp Kds and assume that th is coarse

F I c Econ 2 an I III Rtn 2 aHpeI RHepilpletAN
interval

Fp c I µIp Otp

ThmlFriedgut 1999 Foo graphB with0111edges s t

P Gmp u celB Kds 2 pulp d
t a uniformlyrandom equivfixed copyof B in kn

P B EGmp Ill 01W one couldtake B Km Ks



Corollary FE 0 graph B with 0111 edges s t

for 2 Gnp with probability 2 E

Ca P Z u Gn ep Ks Z e 42

lb P Z u plB Ks I 2 t E
RrandomcopyofB in4h

We fix one 2 satisfying a lb by wemayask 2
avoid any bad event B s t IP GmpC B E

By a Z Ks 3 so I proper colouring 2 R G B



Fix some proper colouring 2 R G Bb

e E kn e E kn

R is unavailable at e R B are unavailable at e
H

G is forced at e

Observation If a triangle T is forced to some colour
then thecolouringcannotbe extended to 20T



Proof outline
Show thatevery proper colouring of 2
forces Rln edgesto some colour

forces R In3 triangles to some colour

Bound Pf Conep avoidsall forced Kss from abovefor every
fixedpropercolouringof 2
Union bound over all colourings

e
Gnepavoidsall forced Kss42 E PkuGnep Ksk Pl
for some propercolouring

Gas



Everyproper colouringof 2 forces RIM edges tosomecolour
supposeonly01h4edges are forced Then

ply B contains a forcededge e e B oh ok
Puniformlyrandomcopyof B inkn

As K is strictly 2 balanced e 2 Ol n

IP 2nd B 0 or
209113 has a triangle T s tl l s etTn 611311 e et

D

ZucelB Ks 3
each ee g1B has 72 availablecoloursBY1 744

in zucelB



til ZuckB Ks
0h4edges Iii each ee g1B has 72 availablecolours
forcedto aCd

iii Kp in Zu4113 s

keyproperty I If PIBE Gmp RH lequiv mlB emKit
4densitythen B is 2 choosable writ Kss maxLEE OH Hf

Iii
KP I 7proper colouringof celB usingavailablecolours

iii
thepropercolouringof 2 can be extended to 91131

Zu y1B Ks lit



Everyproper colouringof 2 forces RIP Kss tosomecolour
Even though RIM edges are forced to some colour they
could form a Ks free graph

Keyproperty 2 If a partial ERBb colouring of kn
contains Rln many then it mustalsocontain

Rlna many

KP 2 E
containerlemma

secondmoment
T



Bound AtGmg avoids all forced Kss

Janson's inequality Pl expl Cen p
Union bound over all colourings

112 E Pl ZuGmep Kds E colourings ofZ expIGrip

colouringof Z E 3ek a 3 12 hmmm

Pl Z lplConep 0 a expt En'p oops

The union bound is too large



Lemma Ffamily C of exploln'pl partial colouring of 2
lit everypropercot of 2 extends some CEC

ii every c c E forces RIM edges to some colour
and therefore also Aln3 triangles

Improved union bound

42 E Pl ZuGmep Kb E El x expfGrip of11

Howto provethelemma Containers for a hypergraph
on Zx R G B arising from 4113 s t ZuckB 4k31g



Sufficient conditions for th lGmp Hh being sharp
KP O It is strictly 2 balanced

KP I If MLB math then B is 2 choosable w.r.t.tl
from lists a l rb RR KPH for r 2 all H

KP 2 For everypartial I r B od of kn
t easy when

u v
Hnearlybip

Yuet or H clique

z 11h24 21 zR nvm14AHH2


