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O MHO)KeCTBax € JIByMs PacCTOSHUSIMU

A. B. Akonsga™ O. P. Mycun'

B sroit 3ameTke TIOHIET pedb 0 MHOXKECTBE TOUYEK B IMPOCTPAHCTBE
wim Ha cdepe, PACCTOSHUS MEXKIY KOTOPBIMH MPUHUMAIOT He Oojiee
qeM aBa 3HaveHus. OOCYXK1aeTcst BOOPOC O TOM, KAK MHOT'O TOYEK MO-
2KeT UMETh TaKOe MHOXKECTBO, a TaKkKe Kakne KOHMUryparuu o6pasyor
TOYKHU U3 IKCTPEMAJIBHBIX HAOOPOB.

BBEJEHUE

CKOJIBKO TOYEK MOYKHO BBIOpaTh B d-MEPHOM EBKJIUIOBOM ITPOCTPAHCTEBE
TaK, YTO PACCTOSHUS MEXKJy JIOOLIMU ABYMs M3 HUX OyayT paBHBI? JIerko
BHUJETh, ITO MOXKHO BBIOpaTh He 6ojiee d + 1 Tovek, a BEPIIUHBI d-MEPHOIO
CHUMILJIEKCA KaK pa3 u OyayT oO0pa3s0BBIBATH TAKOE MHOXKeCTBO. lIpaBuiibHBII
cumiieke Brucat B (d — 1)-mepHyto cdepy, u 103TOMy Ha Takoil cdepe Toxke
MOXKHO BBIOpaTh (d 4 1) TOUKY Tak, 9TO PACCTOSTHUSI M€KLY JIIOOBIME JIBYMsI
TOYKAMU [PUHUMAET (PUKCUPOBAHHOE 3HATEHUE.

OrmeTuM, 9TO BOIIPOC O TOM, KAKOE MAKCUMAaJbHOE KOJTMIECTBO TOYEK HA
OJIMHAKOBOM JPYI OT Apyra PACCTOSHUM TapaHTHPOBAHO MOXKHO BBIOPATL B
d-MepHOM 6aHAXOBOM IIPOCTPAHCTBE OCTAETCsI OTKPBITHIM (CM. 0630psI [16,17]).

Muoxecrso S B RY mwmn ¢ (nmu IF06OM JIPYTOM METPUIECKOM MPOCTPAH-
CTBE) HABBIBACTCS MHONCECTNEOM C § PACCIOAMUAMUY) | €CIIN PACCTOSHIS MezK-
JIy ero TOYKaMU MPUHUMAIOT He 6ojiee § 3HAUEHMIA.

B sT0i1 cTaThe B 0CHOBHOM 0OCY2KJAI0OTCS MHOXKECTBA, C JBYMS PACCTOSTHUSI-
mu. OKa3bIBaeTCsl, 4YTO, HECMOTPsI Ha TAKOE, B ODIIEM-TO, JJOCTATOYHO IIPOCTOE,
OrpaHUYeHHe, ST MHOXKECTBa 00JIaJaI0T PAIOM JOBOJLHO MHTEPECHBIX U HHO-
I71a HEOXKUIAHHBIX CBOMCTB.

OrmerumM, uro Ditaxopu un [loubepr B [9, 10] nokasauu, 4To cymecTByer
JIMIITH KOHEYHOE YHCJI0 MHOXKECTB (C TOYHOCTBIO JI0 MO00Hsl) ¢ JABYMSI PaCCTOsI-
ausivu B RY, cocrosiumu u3 Gostee deM d + 2 Todek. 3aMeTHM, 9To MOT0GHbIIl

*Pabora BbIoJIHEHA TIPU YacTUIHON nojyep:xkke douga «/Iunacrus», rpaaros POOU
11-01-00735 u 12-01-31281 u rpanTa IIpaBuresncrea PO Ne11.G34.31.0053.

"PaGora BBIMOMHEHA IpH YACTHYHOM ToiepsKke rpanTta 11-01-00735 u rpanra IIpasn-
TeberBa PO Ne11.G34.31.0053.
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pPe3yJIbTAT JjIsi MHOXKECTB C § > 2 paccroguusmu ObL1 mosyuen X. Hozakwm
coBceM HesasHo [19].

VMeeTcst IpuMep MHOXKECTBa ¢ aByMsi paccrosumsiMu B RY, cocrosimero
w3 CF,, = d(d +1)/2 touek. Mot Gyzaem oGosnadaTh 910 MuOKeCTBO Sq. Pac-
CMOTPHUM IPABUIBHEIT cuMILIeke B RY, y KOTOPOro IUIHHbL Beex pébep paBHb 1.
¥ sroro cumiuiekca Beero d(d+1)/2 pédep. Vx cepenunbl 6y1yT 00pa3oBbIBaThH
MHOKECTBO C JBYMsI paccTosiHusiMu. /leficTBuTenbHoO, ecin aBa pebpa MMeroT
06111y 0 BEPIIKHY, TO PACCTOSIHIE MEXKJLy UX CepeIMHAaMK PABHO 1/2 (IOCKOJIbKY
COEJIMHAIONTUN X OTPe30K OyJIeT cpeHell JuHuel TpeyroabHuka, 06pasoBaH-
HOT'O BepIIMHAME 3Tux pébep). Ecm ne mmetor, To 1/v/2, HOCKOIBKY B 3TOM
clydae BEPIIUHBI 9TUX PEOEP SIBJISFOTCS BEPIIMHAMU IIPABUJIBHOTNO TPEXMEp-
HOT'O TETPAdIPa, & PACCTOSHUAE MEXKJIy CePEeIMHAME ITPOTHBOIIOJIOXKHBIX PEOEP
MPABUJIHLHOTO TETPas3/ipa UMEHHO TaKOBO.

DTO MHOXKECTBO MOXKHO OMMCATH TAKXKE C TIOMOIIBIO OPTOHOPMIPOBAHHOTO
6asuca ey, eg, ..., eqq1 npocrpancTsa R4, Paceymorpum Touku Bua

eite; (1<i<j<d+1).

Paccrosiaue MezK/y TAKIME TOYKAMU MOYKET ObITh PaBHO 6o /2, mmubo 2, B
3aBUCHMOCTH OT TOT'O, UMEIOT JIM OHH OOIIYIO eUHUITY B KOOPINHATHON 3aliCH
win Her. Cymma Koopauaar nouyuusiuxcest d(d + 1)/2 Touek Gyjer pasHa 2
¥ TIO9TOMY OHM OyIyT JieXKaTh B THUIEPIIOCKOCTH, 3aJaBaeMOl ypaBHECHUEM
1+ ...+ Tg41 = 2.

Bamernm, ato ecan a u b (a < b) — JgBa PACCTOSIHUS MHOXKECTBa Sg, TO
b%/a? = 2. OxasbiBaeTCsl, 9TO MOMOOHOE CBOICTBO BEPHO JIJTsT BCEX JOCTATOTHO
GOJIBIIINX MHOXKECTB C JIBYMSI PACCTOSTHHSAMU.

Jlapman, Pomxepce u 3eitgens B [14] mokasanm, 9ro ecim MHOXKECTBO €
AByMst paccrogruaME a 1 b (a < b) B RY cocront m3 6osee wem 2d + 3 Touek,
TO

2
Z—Q:%,rﬂekeN, u 2<k<1+7m. (1)

Hemasuo sror coornomenue 66110 06001meno Hozakn [19] na ciryuait Muo-
JKECTB C S PACCTOSHUSMHU.

EcrecTBento, wTo Hac OyIeT HHTEPECOBATD MAKCUMAJILHAS MOIITHOCTH MHO-
2KECTB € § paccTosiHusiMu. JacTo sKcTpeMaibHble KOH(MDUTYPAIUd, TO €CTh MHO-
JKECTBA C S PACCTOSIHUSAME, COCTOSIINE U3 MAKCUMAJIbHOTO BO3MOXKHOI'O HHC-
Jla, TOYEK, OKa3bIBAIOTCs BEChbMa, JIIOOONBITHBIMUA U T'pad PaCCTOTHUN MEXKITy
TOYKAMU UMEET BBICOKYIO CTEIleHh CUMMETPUU. DTO OJHA U3 IMPUIUH, TOUEMY
UHTEPECHO UCCJIEJOBATH BOIPOCHI O MOIIHOCTHA U BU/IE TAKUX MHOYXKECTB.

OTMernM, 9TO BEpXHUE OMEHKH HA MOIHOCTH MHOYKECTB C § PACCTOSTHUSIMIE
B R crasm ussects okoso 30 ser mazan. B wacrnoctu, Biokxayc mokasai,
YTO YHCIIO TOYEK y MHOXKECTBa S ¢ jByMsi paccrosimsvn B R? He mpeBocxomnT
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(d+1)(d+2)/2 (cm. muxke Teopemy 1). Kak nokasas Jluconek (cm. paszer 3),
9Ta OIEHKAa JIOCTUTAETCS B PA3MEPHOCTH 8.

B pabore [8] 6bLM 0Ty Y€HBI OLEHKH JIJIs CJIydast, KOrJa TOYKHA MHOXKECTBa
S nexxar ma chepe B RY. (Ml GyieM Ha3bIBaTh TaKHe MHOXKECTBA chepurie-
CRUMU MHOIHCECTNEAMU, ¢ 08YMA paccmosnuamu.) B sTom ciaydae onenka 6yser
d(d+3)/2 (cm. Teopemy 2). 3aMeTHM, 9TO 9Ta OIEHKA JOCTUTAETCS It d = 2,
6 u 22.

B pasmene 3 mbl pazbupaem pabory JlncoHeka 1O MHOXKECTBAM C JIBYMsI
paccrosusivu B R? juist d < 8. KpoMe BepxHEX OIEHOK 1 paGoTe! JInconexa,
OCHOBAHHOW HA KOMIIHIOTEPHOM IIepedope, MPAKTUIeCKN HUKAKAX Pe3y/IbTATOB
JUUIsT MAKCUMAJIBHBIX €BKJIMJIOBBIX MHOXKECTB C JIBYMsI PACCTOSIHUSIME HET.

B ornmanu ot eBKAMIOBA, 7151 ¢OEPUIECKOTO CIYIast UMEETCST SHATNTE -
HBI porpecc. Mbl HemMHOrO 06CyuM 910 B pasjese 5. B pabore [18] 6bL10
rmokasano, 9to s 6 < d < 22 u 23 < d < 40 KOIuIecTBO TOUYEK He ITPEBOCXO-
mur d(d + 1)/2. CrenoBarebHO, B 9THX Pa3sMEPHOCTSIX MHOXKECTBO S, SIBJIsI-

eTcsl MaKCUMaJbHBIM. HemaBHo 3TOT pe3ysibrar ObLI pacmmuped 1t d = 23 u
40 < d < 93 (d # 46,78) B pabore A. Bapra u B.-III. 1O [4].

1. MHOYKECTBA C JABYMSI PACCTOSIHUSIMU 7151 d < 3.

B ciyuae, korjya Hale mpocTpaHCTBO — 3TO HpPAMasi, JEIKO BUIETb, UTO
MaKCHMaJibHasl MOIIHOCTh MHOXKECTBA C JBYMSI PACCTOSHUSIMU PAaBHA TPEM.
DKcTpeMaJibHON KOHMUTrypalueit TyT CIy»KaT KOHIBI OTPE3Ka U TOYKA B €ro
cepeuHe.

Ha mmockocTtu Takoe MHOXKECTBO MOYKET yKe COCTOATDH U3 MATH TOUEK —
BEPIIUH IPABUWIHLHOTO MATHYTOJbHUKA. JIBa paccTosiHus — 3TO JITUHA CTOPOHDI
IATUYTOJBHUKA U JIJINHA €r0 JuaroHaau. B caemyiomeM pasaesie MBI TOKaZKeM,
YTO 3Ta KOHUTypalns eIUHCTBEHHA.

Puc. 1.

B TpéxmepHOM npocTpancTBe MaKCUMaJIbHAS MOIITHOCTD HE CUJILHO DOJIBITIE
u pasHa mectu. 910 nokasai Kpodr B |7]. OkazbiBaercsi, 4T0 pasMepHOCTb TpU
B JIAHHOM cCJly4dae fABJIAETCd HUCKJIOYUTEJILHON cuTyaluell, IIOCKOJIbKY TaKHUX
MHOYKECTB U3 MIeCTH TOYEK He OJIHO, a IEJIbIX IIeCThb MTyK. llepeuncimm ux.
Bo-miepBhIX, cymiecTByeT JiBa MHOXKECTBA C OTHOIIEHWEM JJIUH, PAaBHBIM
V2. TlepBoe — 5TO BepIIMHbI IPABIIIBHOIO OKTadpa. Jpyroii mpuMep — 910
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Puc. 2.

pPU3Ma, OCHOBAHME KOTOPOH — IIPaBUJIBHBII TPEyroJbHUK, & OOKOBBIE PEOpa
pPaBHBI CTOPOHE 3TO TPEyTroJbHUKA (puc. 2).

EcTb emgé gernipe 10BOIBHO JHIOOOIBITHLIX IPUMEPA, KOTOPBIE TOJIY Yal0TCs
U3 MPABUIBLHOTO MKOCad/pa. B mpaBmibHOM mkocasape 12 Beprmun (puc. 3).
st KayK/ioit BepIMHBI €CTh D COCEJIHUX BepIMH (JaBaiiTe CIMTATh, YTO
paccTosiHue JI0 HUX PABHO 1), IPOTUBONOJIOXKHAS U D COCEIHUX C IPOTHUBO-
HOJIOXKHOIT (paccrosiHue J10 HUX paBHO \/5/2). laBaiite u3 Kax10if napsl Ipo-
THBOIIOJIOXKHBLIX BEPIIMH BhIOepeM OJHY. Torga Mbl IOIyYUM 6 TOYEK, MEXKILy

——

o

Puc. 3.

S>BC

Puc. 4. Yerbipe npumepa MHOXKECTB C JIBYMSI PACCTOSHUSIMH, TTOJIY YalONUMUCST
U3 NPaBUJIBHOTO HKOcadapa. AKupHbie Jiuouu 0603HATAIOT PACCTOSHUS, PaB-
meie 1, a Tonkne — /52
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Puc. 5. MuoxkectBa u3 7 To4eK Ha MJIOCKOCTH, MEXKJY KOTOPBIMH TOJIBKO TPH
BHJI& PACCTOSIHUH

KOTOPBIMHU paccrosuue jubo 1, nubo m Taxum 0O6pazoM, MBI MOXKEM I10-
JIYIUTh YeThIpe HOBbIEe KOHCTPYKIINN, U300PaKEHHbIE HA puUC. 4.

WaTepecno, 910 /I IJIOCKOCTH U IIPOCTPAHCTBA TaKKe PeIleHa 3aada
0 MHOXKECTBaX C TpeMsl paccTogHusMU. Ha MI0CKOCTH OHO MOXKET COCTOATH
MaKCHUMYM U3 CEMHU TOYEK, U CyIIECTBYET JIBe TaKue KOH(MUIYPAIUU: BEPITUHDI
[IPaBUJIBHOT'O CEMUYTOIBHUKA U BEPIIUHBI TPABUILHOTO MECTUYTOJBHIKA U €70
nentp (puc. 5). [TosHOCTHIO BCe MHOXKECTBaA € TPeMsl PACCTOSTHUSIMU Ha, [17I0C-
KOCTHU, COCTOsIIIME U3 AT U bosiee Touek Kiaccudunuposan [lunoxapa [21]
(ux okazasnock 24 mrykn). On ke 1mokazas [20], 4To B TPEXMEPHOM IPOCTPaH-
CTBE €IMHCTBEHHOE MAKCUMAaJLHOE MHOXKECTBO C TPEMsI PACCTOSHUSIMHU — 3TO
ukocasp (puc. 3).

[Ipumepbl MHOXKECTB € JABYMsI PACCTOSHUAMHU B OOJIBIINX DPa3MEPHOCTSIX,
obcyK1aloTcs B paszese 3.

2. MAKCHUMAJIbBHOE MHOYKECTBO C JIBYMSA PACCTOAHUSAMU HA
I[IJIOCKOCTHU

[IpuBeném 371ech MOKA3ATENBCTBO TOTO, UTO MATh TOYEK HA, IJIOCKOCTU C
JIBYMsI PACCTOSHHUSIMHU, BCerga o0pasyloT HPaBUJIbLHBIA ISTHYTOJbHUK. llep-
BbIM 970 Jokaszas Kesm [12], perasi moxoxyio 3agady Dpiéima u3 3aad-
nuka American Mathematical Monthly. 3agada Dpuéiia cocrosiia B ciieiryro-
IIeM: CKOJIbKO TOYEK MOYKHO PACIOJIOKHUTH Ha TJIOCKOCTH HJIM B MTPOCTPAHCTRE
TakK, 9T00bI JII0OOH TPEyroJbHUK C BEPITHHAMU B HUX OBLT PaBHODEIPEHHDIM.
MHO}KGCTBO C IABYMdA PACCTOAHUAMU, OYECBUIHO, ABJACTCA IIPUMEPOM TaKOI'O
MHOXKecTBa. ObOpaTHoe HeBepHO. B 9acTHOCTH, OTBETOM Ha BOIIPOC DPIEIa
JUIST IJIOCKOCTH OyaeT 6 — IpaBH/IbHBIA IATUYTOJBHUK U €ro meHTp. Kesau
[TOKa3aJ1, 9TO 3Ta KOHCTPYKIUS U3 IECTU TOUYEK OyIeT eMHCTBeHHOM. B Tpéx-
MEpPHOM NPOCTPaHCTBe 3ajady paéma pemnmms Kpodr [7], nmokasas, uro B
9TOM cilydae Touek He Oosiee 8. MHOXKeCTBO U3 8 TOUYEK CyIIECTBYET: IPABUIb-
HBIN OATUYTOJIbHUK B FOpI/I3OHT8JIbHOI71 IIJIOCKOCTH, €r0 HEHTPp W JABE€ JOYKH
HaJ 1 II0J] IEHTPOM Ha PACCTOAHUMN PABHBIM PaJINyCy OIIMCAHHON OKPY>KHOCTHU
nsruyroabauka. OIHAKO HOKA3aTh, YTO 3TO €JUHCTBEHHAs BOCHLMHUTOYETHAS
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KoHMUrypanust yJIaaoch J0Ka3aTh JIUIIL cpaBHuTeIbHO Hepasuo (Kumo [13]).
[Tozxke 1O. U. Nonuny ynasioch MOJIYUUTH PEIIEHUE ITOH 3ajadu JJjis I[IPO-
cTpaHcTB pasmepHocTu He Gosbineii 8 [11]. Bosee moapobHo 06 vroit 3a1aue u
[IOXOKMX BOIIPOCAX MOXKHO IIPOYHUTATh B €ro HeJlaBHell craThbe [2].

Bepuémcst k HaIeit 3agaue 0 MHOXKECTBE C JIBYMs PACCTOSTHUSIMU HA TIJIOCKO-
cru. O4eBUHO, YTO K BEPIIUHAM [IPABUJILHOIO HATUYTOJLHUKA HEJIB3s OYIeT
J00aBUTH eIIé OHY TOYKY, TaK YTOOBI YUCJIO PA3JMIHBIX PACCTOSHUN HE yBe-
Jmauaock. [losroMy, u3 eMHCTBEHHOCTHU OYIET CJIE/IOBAThH, UTO MAKCUMAJIbHAS
MOIITHOCTH MHOYKECTBA C JIByMsI PACCTOSTHUSIMU HA IJIOCKOCTH PABHA ISITH.

WNrak mycTb mamo MHOXKeCTBO S W3 5 TOYEK HA IJIOCKOCTH, TAKAX, YTO

MezKJly HUMH TOJIbKO JiBa paccrosinust a u b (a < b). 3amerum, 4ro cpeju
9THX TOYEK HET TPEX, 00pa3yoIuX IpaBUIbHBIA TPEyroJabHuK. leidcTBUTEIb-
HO, ycTh Tpu Toukn A, B u C 00pa3yoT npaBUIbHBIA TPeyrojabHuK. Torma
po JitoOy10 TOUKy X U3 JABYX OCTABIIUXCSI TOYEK S, MOXKHO CKa3aTh, ITO
a) u3 Tpéx paccrosuuii 10 A, B u C' 1Ba JOJKHBI ObITH PABHBI, 109TOMY X
JIEXKUT Ha OJHOM M3 CEPEINHHBIX MEPIEHIUKYIAPAX K CTOPOHAM;
6) Bce Tpu paccrosinusi 10 A, B u C' He MOryT ObITb OJMHAKOBBIME (CJydaii,
korga X 1eHTp A ABC JIerko MCKIIFOUYaeTCsI, TaK KaK MSATYI0 TOYKY K 9TOMY
HabOPy J0OABUTH HEJIb3s1), TIOITOMY OJIHO M3 HHUX JIOJIKHO ObITh paBHO |ADB|.
CuretoBaTeIbHO 9Ta TOYKA JICXKUT Ha OKPYKHOCTH pajnyca |AB| ¢ meHTpoM B
OJIHOI M3 BEPIIUH TPEYTOJbHUKA.

Taxum 0b6pazoM, KaHIUJATAMU B HAIE MHOXKECTBO MOTYT OBITh TOJBKO 9
TOYEK, OTMEeYeHHBbIX Ha puc. 6. Jlerko 3aMeTuTb, 9TO B MHOXKECTBE C JIBYMs
PACCTOSTHUSIMU TOYKH JIOJIKHBI OBITH OJJHOTO THIA (T. €. OJNHAKOBO OTMEYECHBI
Ha puc. 6). Ho, npoanajm3upoBaB Bce TpU BO3MOXKHBIE B 3TOM CJIydae KOH-
CTPYKIIUN, MbI BUJIUM, 9TO OHH UMEIOT TPH Pa3JIUYHBIX PACCTOSHHUS.
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SaMeTuM TakxKe, 9TO JJIsi KaXKI0i Toukyu X M3 MHOXKECTBa S, CYIIECTBY-
eT POBHO JBe TOYKH u3 S Ha PACCTOSHUM G W JBE Ha pPaccTOAHUHU b.
HeiictBurensro, eciau Tpu Touku A, B u C' HaxomaTcss Ha PACCTOSIHUU, CKa-
KeM, @ 0T X, TO JTuOO MeXKJIy KaKUMH-TO JBYMsI U3 HUX PACCTOSTHHE @ U OHU
00pa3yioT MpaBUIbHBII TPEYroJIbHUK BMECTE C TOYKON X, Iub0 MeXKIy HUMU
BceMmHu paccrostaue b u o ABC npaBU/IbHBIIMA.

Pas tak, To mostygaem, 9TO €CJIM COEIMHUTH OTPE3KAMU BEPIIUHBI HA PAaC-
crostHuM b, TO OHI 00pa3yIoT MATU3BEHHYIO JIOMAHYIO, DA 9TOM KazKJI0e pedpo
9TOM JIOMaHO gABjsiercss auamerpoMm S. Ho Jrobble aBa araMerpa MHOMKECTBA
Ha IUIOCKOCTHU JIOJIZKHBI JIHOO IepeceKaThest, U000 MMeTh obImuil Konery (ecsn
JIBa IraMeTpa He [IePEeCeKAIOTCsI, TO U3 KarKI0I'0 MOYKHO BBIOPATDH 10 BEPIINHE
TaK, YTO PACCTOSTHIE MeXK/Ty BRIOpAHHBIME BepiinHamu Oyjer 6obiie). Ciieto-
BaTeJIbHO, 9Ta JIOMaHasl yCTPOeHa 3Be3/10i, Kak m300parkeHo Ha puc. 7. Ocra-
JIOCH 3aMETHUTh, YTO BCE CTOPOHBLI 0OPA30BABIIErOCH IISITUYIOJILHUKA, JTOJIXKHbI
ObITH paBHBI a. OTCIO/a Y2Ke JIErKO MOJIYIYUTh PAaBEHCTBO €0 YIJIOB, & 3HAYMT,
9TOT ISTUYTOJbHUK MPaBUIbHBIMA.

Puc. 7.

3. MHOKECTBA C JIBYMSI PACCTOSTHUSIMU B [TPOCTPAHCTBAX
PABMEPHOCTHU d < 8

B 1997 rouny ITérp Jluconek omy6imkoBas uHTEpecHyIo crarbio [15], B Ko-
TOPOIi OH C IOMOIIBIO KOMIIBIOTEPA OKA3aJl €JUHCTBEHHOCTD (€ TOYHOCTBIO JI0
1071001s1) MAKCUMAJIbHBIX MHOYKECTB C JIByMsl DACCTOSIHUSIMU B PA3MEPHOCTSIX
4, 5,6 u 7 (camu KOHCTPYKIIUHU ObLIM M3BECTHBI €IIE JI0 HEero), a B pa3sMepHO-
cTu 8 OH ODHAPYKUJI MHOXKECTBO COCTOsIee u3 45 TOYeK, T.e. MAKCUMAaJIbHO
BO3MOXKHOE COIIacHO rpanuie Biokxayca (cMm. Teopemy 1 B pasuese 4).

Paccmorpum sty pabory 6ostee nonpodbuo. Ilepebepém Bce MakcuMasbHbBIE
MHOZKeCTBa, ¢ ByMsi paccrosmmsMu B RY, tie d < 8. MbI yike 3HAKOMBI C
TaKUMK MHOXKecTBamu it d = 2 u d = 3.

d =4. B sromM ciaydyae UuCIO TOUEK B MHOXKECTBE C JBYMSI PACCTOSTHUSIMU
He mpeBocxoauT 10. VI eanHCTBEHHBIM MHOXKeCTBOM u3 10 TOUYEK sIBJISIETCsT
OIIMCAHHOE BBIIE MHOXKECTBO S5, COCTOsAINEE M3 CepenH pEdEep MpaBUIHLHOIO
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Puc. 8.

cumiiekca. aTepecHo, aTo rpad pédbep OoJbIeil AIUHBI B 9TOI KOHMUTypa-
un obpasyer sunamenutsiii rpad Ilerepcena (puc. 8).

d = 5. B 310l pa3MepHOCTH MOYXKHO MOJIYYUTh OOJIBINIE TOYEK, YeM AT HAM
MHOXKECTBO U3 cepeliun pébep cumiiekca — 16 Bmecro 15. Jlnsg sroro Hajo
«TOJIKPYTUTDB» YETHIPE TOUKHU, ITO MO3BOUT JOOABUTE e1mié omny. OmurmeM Ty
KOHCTPYKIUIO ABHO (OHa JKe SBJISIETCS €JIMHCTBEHHOU MAaKCUMAJIbHOU B IIATHU-

MepHOM npocrpascTse). Ilycrb eq, €2, €3, €4 U €5 — 9TO0 OPTOHOPMUPOBAHHBII
5

6asuc. Harre MHO>KeCTBO OyJieT COCTOSITH U3 MATH TOYEK BHUIA —€; + Zej
i=j

(1 <i<5),10T0ouek Buna e; +¢e; (1 <4 < j < 5)u Havasa koopAuHaT. JIerko

BUJIETD, 9TO MEZK/[y TOYKAMH 9TOTO MHOMKECTBA PACCTOSHHE 60 /2, 6o 2.

5
1
Kpowme Toro, Bce onn jexkar Ha cdepe pajgmyca /5 /2 ¢ neHTpOM B 3 Z €.
i=1

d = 6. OxkasbiBaeTcst, 9TO B CEMUMEDPHOM IIPOCTPAHCTBE CyIecTByeT 28 Ipsi-
MBIX, IIPOXOJSAIINX Yepe3 HAYaJI0 KOODJIMHAT, TAKUX, UTO yrOJ MEXKIy HUMU
o/MHAKOBBI 1 pasen arccos 1/3. Kak mocrponts Takme npsimbie? Paccemor-
puM mpsimble B RS, BBIXO/IsAIIIE U3 HAUAIA KOODIUHAT B HAIIPABJICHUAX BJIOJIDb
BEKTOPOB, Y KOTOPBIX JIB€ KOODJMHATHI PABHBI 3, a OCTaJbHbBIE ITECTb PABHBI

—1. Takux IPAMbBIX C82 = 28 U Bce OHHM JIexKaT Ha THUIIEPIIJIOCKOCTH 3a/laBae-
8

MOl ypaBHEHUEM Z x; = 0. Bece BeKTOpBI, IOPOXK TAIOIIIE ST TPSIMbIE, UMEIOT
i=1
TuEHY /24, a CKaJIsIpHOE IPON3BEIEHIE STUX BEKTOPOB PABHO JIHG0 8, 160 —8.
BHauuT, yroys Mexjy STHMU BeKTopamu Jjinbo arccos1/3, smbo — arccos1/3.
Bribepem e uHUYHBIN BEKTOD € Ha OIHON U3 MpsiMOit U 27 €IMHUYIHBIX BEK-
TOPOB Ha OCTABIIUXCS MPAMBIX, TAK UTO OHU 00Pa3yIoT C e TYIOi yroJi. Jlerko
TMOHATH, YTO KOHIIBI 3TUX BEKTOPOB JIEXKAT Ha IMEeCTUMEPHON IIJIOCKOCTH, Tep-
HEH/ UK YJ/ISPHOl €, U PACCTOsTHUSI MEXK/Ly HUMU PaBHBI Ji100 /4 /3, 6o /8/3.
(11 onsiTh 2Ke, BUJIHO, 9TO BCE OHU JiexKaT Ha OJHOI cdepe.)
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d = 7. B sroit pazmeprocTn JIucoHeK 0OHAPYXKUJI, 9TO MAKCUMAJbHOE MHO-
»KE€CTBO €JIMHCTBEHHO U COCTOUT OHO u3 29 Tovyek. Kak u B pa3aMepHOCTH ITATh,
MOKHO <«IIOJKPYTUThb» KOHCTPYKIINIO, 00Pa30BaHHYIO cepeInHaMu pedbep mpa-
BIJIBHOT'O CUMILTIEKCA U JI0OABUTH eIlE OJHY TOUKY.

Mpr onwmiieM 3TO MHOXKECTBO C TOMOIIBIO OPTOHOPMHPOBAHHOTO Dasnca
e1, e, ...,eg mpocrpancrea RE. CyMma KOOpAHHAT HOJIYYMUBIINXCSI TOYEK 6Y-
JIeT paBHA 2 W IO9TOMY OHH OyAyT JieXKaThb B CEMUMEPHON THMIIEPILJIOCKOCTH,
3ajlaBaeMoil ypaBHeHUEM 1 + ...+ xg = 2.

7 TOYEK HAIero MHOXKECTBA 33/IAI0TCsS TakK:

7
1 1 .
—ei—i—ng ek = ;€8 (1<ig7).
—1

21 Touka MMeeT BUI;
e+ €; (1<7j<]<7),

n 29-4 TOYKa — 9TO TOYKA

7
1 (& 36
2 Z kot
=1
PaCCTOHHI/IH Me}Kﬂy TOYKaMM OIIATH 2Ke paBHbI JII/I6O \/i, ,HI/I6O 2, HO B

OTJIMYHe OT IMPEIBIIYIIIX CIyYaeB, Ha 3TOT pa3 TOYKU He OyayT JieXKaTbh Ha
omHoOIt cdepe.

d =8. Kak u B npeupiayiieM ciydae, 3aJaJiiM 3TO MHOXKECTBO B KOOD/IU-
HaTax POCTPAHCTBA OoJibliielr pasmeprnocTu. IlycTs e, eg,. .., eg opTOHOPMU-
posannbiii 6azuc B R?. CyMMma KOOp/IMHAT HOCTPOEHHBIX TOYEK OIATh Oyier
paBHA 2, TO eCTb OHU OYJIyT JIE2KATb Ha TUIIEPILIOCKOCTH, 331aBacMOil ypaBHe-
HUEM X1 + ...+ Tg = 2.

9 TodYeK 3aJaI0TCS C ITOMOIIBIO TAKUX COOTHOIIEHUM

9
1 .
—ei—l—gkglek (1<i<9).

Ocrajbabie 36 00pa3y0T MHOXKECTBO Sg U UMEIOT BT
ei+e; (1<i<yj<9).

Kak 1 pambllle pacCTOSHIS MEKIy TOYKAMHI OyILyT PaBHBI JHG0 \/2, JIH-
00 2. DTOT MpPUMED SIBJISIETCST MAKCHMAJIBHBIM, ITIOCKOJIBKY Ha HEM JJOCTUTAETCSI
rpanuia Biiokxayca (reopema 1). Ho siBiisiercst i 9Ta KOHCTPYKIHS €JIUH-
crBennoit? Kpome Toro, orMeTnM, 9TO IMOJIYyYIHUBIIHECT TOYKH OyIyT JIEXKATH
Ha JBYX KOHIEHTpUIecKuX cdepax. MoxkeT ObITb, 9TO BEPHO U I JPYTUX
9KCTPEMAJIbHBIX KOHMUrYpaluii B 60JIbIINX PA3MEPHOCTSAX (3Ta ruinoresa Obi-
Jla BBICKa3aHa HECKOJbKO JerT Ha3al A. A. [naseipunbiv u O. P. Mycunbim)?
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Meroz, nepebopa ocuoBan Ha cooTHomienuu (1), Giaromapsi KOTOPOMY Mbl
MOXKEM CUYUTaTh, YTO 3HAEM OTHOIIECHUsI MeXK/ly paccrosuusivu. llocie dero
HaJI0 PacCMaTPUBATDH Pa3andHble I'Padbl U IPOBEPATH, PEATUIYIOTCH JIM OHU B
POCTPAHCTBE COOTBETCTBYIOINIEH Pa3MEpHOCTH (JIJIs 3TOrO CYIIECTBYIOT KJIac-
CHUYIECKHUE METO/Ibl, OCHOBAHHbBIE HA IOJIOYKUTEJILHOU OIPEIeJIEHHOCTU MATPHUIIBI
CKAJISIPHBIX [IPOU3BE/ICHNIN ).

B crarpe Jluconeka Takxke IPUBOJATCS JAHHBIE O BPEMEHH, TOTPAIEHHOM
Ha BBIYUCJIEHHUS Ha JIOBOJILHO MOIIHOM I10 MepkaM 1996 roma KomIibloTepe
(DEC Alpha 2000 4/275 ¢ 256 MB RAM wu cynepkommnsiorep IBM /SP2 ¢ 40
yzaamu RS6000 o 256 MB RAM B kaxkoit). Tak wa ciayuait d = 4 yuuio
Bcero 0.2 cekymujpl, Ha d = 5 — 7 cekyuj, Ha d = 6 — 12 munyt, a na d = 7
rnoHaoomoch axx 40 mHeit.

4. BEPXHUME OLIEHKU HA MOIIHOCTH MHOYKECTBA C JIBYMSI
PACCTOSAHUAMU B RY

TEOPEMA 1. ITyems S — 2mo mmoorcecmso ¢ dsyma paccmoanuamu 6 RY.
Tozda koauvecmso mouex ¢ S ne npesocxodum (d+ 1)(d + 2)/2 (wmo paswo

Cia)-
[Tepsonavasbho orenka (d 4 1)(d + 4)/2 6buia nosnyuena Jlapmanom, Pog-
xkepcom u 3eiigenem B [14]. ITorom Buokxayc [6] cierka jromosHmin sto jio-

Ka3aTeJIbCTBO W MOJIYYHJ ONEHKY M3 TeopeMbl 1. MuI ceifiyac mpuBenéMm 3Tn
JOBOJIBHO ITPOCTHIE PACCYKIEHUS.

JIOKABATEJIbCTBO TEOPEMBI 1. [list Kaxk10it Touku p € S 3aBejiEéM MHO-
rowieH oT d IepeMeHHbIX:

Fy(z) = (|l = pl* = a®)(||l= — pl* = *), (2)
rje a u b — 3TO Te camble JBa PACCTOSTHHUS.

JIerko BUJIETH, 9TO 3TH MHOTOWIEHDBI JIMHEHHO HE3aBUCUMBI, MOCKOJIBKY,
HOJICTAB/IAs B KAUeCTBe IIePeMEeHHOl & TOYKY P, MbI HOJIYYHM, YTO BCE MHOTO-
anensl Fyy, p' € S, p' # p, obuynsiorcs, a suadenue F, B 9T0il TOUYKe paBHO
a’b?. BaMeTHM TakyKe, UTO OHU ABJISCTCS JMHOHHBIMU KOMOHHAIUSAMI CJICLY-
onumx OYHKITHI:

lzl*, ol wiwj, @i, 1. (3)
Ho pasmepHOCTD JTMHEHHOrO MPOCTPAHCTBA, 3a/1aBAEMOr0 STUMH (DYHKIUSMU,
pasHa 1 +d+d(d+1)/2+d+1=(d+1)(d+4)/2.

Dro paccyxenne 6b110 npuBeeHo B pabore [14]. Temepsb npuseném yrou-
HeHue, npuayMantoe Biokxaycom B [6].

[Tokazkem, uro nHabop dyuxmmii {F},, z;, 1} TakKe sIBIIseTCS INHEHHO He3a-

BucuMbiM. Otrciona Gyger ciegosarb onenka (d + 1)(d +4)/2 —d — 1 =
=(d+1)(d+2)/2=C5,,.
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Urak, myctsb

d
Z cpFyp(x) + Z cizi+c=0. (4)
i=1

pES

BameTnM, 9TO MOCKOJBKY MHOTOYJIEH — TOXKIECTBEHHBIA HyJb, K03(du-
4 _
[IUEHT 1PH ||z||* 10/KeH paBHSATHCS HYIIIO, HOITOMY g cp =0.
peES
IToscTaBiss p B 9TH COOTHOIICHUSI, [OJIy4aeM

d
2p? pi+c=0 5
a“b“c, + cipi + ¢ =0, (5)
=1
rje p; — 9TO i-asi KOOpJMHATA TOYKHU p. YMHOXKasi coorHorienue (5) Ha Cp U
CyMMUpYys 10 BceM p € S, ToJIydaeM

d
2,2 2 _
a°b g cp+g cig cppH—cg cp =0. (6)
peES i=1 peS peES
BaMeTI/H\l, 9TO IIocJjeJHue IBa YJIeHa C JIEBOI CTOpOHI)I O6HyJIHIOTCH, HOSTOMy

E c?, = 0. Otkyna Bce ¢, = 0, a 3HAYAT U BCE ¢; U ¢ PABHBEI HYIIO, 9TO U

pES
3aBepiraeT J0Ka3aTeJILCTBO.

JL7IsT MHOYKECTB € § PACCTOSTHHSIMEU 3TO OIleHKa ObLia 0600IeHa B paboTax
[3,5]. Pasusasa sToT MeTos, 6b110 MoKazamo, uto [S| < CF ., .

B ciyuae cepudeckmx MHOXKECTB € ABYMSI PACCTOTHUSIMU OIEHKY MOYKHO
YMEHBIITUTH eI1é Ha 1, JIJI 3TOro JOCTATOYHO O0Ka3aTh, UTO HAOOP IOCTPOEH-
HBIX MHOTOYJICHOB eI JTMHEHHO He3aBUCHM OoT MHoroutena ||z||? — 1.

TEOPEMA 2. Ilycmv S — 9mo muooicecmeo ¢ d8Yymsa paccmoaruamu, pac-
noaazaroweecs na cepe 6 R%. Tozda xoauvecmso movex 6 S ne npesocrodum
d(d+3)/2.

JIOKABATEJILCTBO. Be3 orpanmtuennss oOIIHOCTH MOXKHO CUNTATH, UTO
TOYKM MHOXKecTBa S Jiexkar Ha enuHu4HOil chepe. Kak u B jgoKazareanLcTBe
TeopeMbl 1 paccMOTPUM MHOTOUJIeHBI 3ajiaBaeMble B (2). [Tokaxkem, uto dbyHK-
nun u3 nabopa {Fp, z;, 1, ||z|? — 1} muneiino nesasucumbt.

IIycTb 310 He Tak. Torma

d
> epFy(@) + Zcx +e+d(|z)>=1)=0. (7)

peS =1
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OnsThb e, MocKoIbKy Koadbdunuent mpu ||z||* pasen 0, nveem Z cp = 0.
pES
[ockombky ||p||?—1 = 0, kKax 1 paHbIe, TOACTABIAA B 3TO COOTHOIIEHHE T = P,
p € S, Mbl nojtyunm cootHotenus (5).
Komnery nokazarebeTBa JOCJIOBHO COBIAJIAET C JOKA3ATETHLCTBOM IIPEIbILY-
wieit TeopeMbl. MBI ojtydaeM, 4To BCE Cp, BCE ¢; U € PABHBI HYJIIO. A 3HAYWT,
ucd=0.

Ha camom mene, Teopema 2 ObLia JOKa3aHa pPaHbIIE TEOPEMbI 1| U Cpal3y
JIJIsI MHOKECTB C HECKOJIbKUMH paccTosHuAMU. llpuBeném 31ech 9T0 J0Ka3a-
TEJILCTBO.

TEOPEMA 3 (IENBLCAPT, I'VTAJIC U 3ENAEND, [8]). [lyembv & — amo

cgﬁepu%ecnoe MHOHWHCECTEBO C S PAcCMOAHUAMU 6 Rd. Tozda xoaunwecmseo mo-
d—1 d—1
yek 6 S ne npesocrodum C'dﬂ_1 + Cd+372.

'ZLOKASATEJ-HDCTBO. OHHTB K€, MO2KHO CHUTaTb, 9TO BCE€ TOYKHU PaCIIOJIa-
raforcs Ha equHUIHON cdepe. I Torma pacCTOSTHUIO MEXKIY ABYMS TOIKAMU
COOTBETCTBYET 3HAUECHHUE CKAJIAPHOrO INPOU3BEACHUsS uX BeKTOpoB. [losTomy
MO2KHO CHUTaTb, 9TO y HaC 3a/laHO ceMeicTBO C€/IMHUYIHbIX BEKTOPOB, CKaJIAP-
HbI€ IIPOU3BEICHNSA KOTOPBIX HIPUHUMAIOT OMHO U3 S 3HAYEHHi a;, 1 = 1,...,S.

Kaxmoit Touke p € S comocraBUM MHOTOYJIEH CTEIEHH S CJIELYIOMMUM 00-
pa3zomMm

S
Fy(z) = [T((@.p) = aa). (8)

i=1

Bamern™, 1T0 F)(2) paBeH HyI0 BO BCEX TOUKAX MHOXKECTBA S, KPOMe P, B
KOTOPOii OH paBeH IPOU3BEICHUIO a; (yMHOXKEHHOMY Ha —1, ecjin § HEYETHO).
[TokazkeM, 9TO 9TH MHOIOUJIEHBI JIMHEHO HE3ABUCUMBI, IIPHIEM [IOPOKIAEMOEe
UMU JIMHEHOE MOJIIPOCTPAHCTBO MEPECEKACTCsT ¢ HPOCTPAHCTBOM MHOIOYJIE-
nos suja (||z]|? — 1)P(z), rme P(z) MHOrowsiens! crenenu e 6osibiie s — 2,
T0JIbKO 110 0 (3TO MOYKHO HHTEPIPETUPOBATH TAK, KaK OYJTO Mbl DACCMATPUBA-
€M MHOTOYICHBI, OIPE/IeJEHHBIE TOIBKO Ha cepe). A TOCKOIbKY Pa3sMepPHOCTD
POCTPAHCTBA MHOTOUJICHOB cTeneny He 6oubme s pasua C§, | a pasMepHOCTD
nojpocTpancTa Muorodwnenos suaa (||z|2 — 1) P(x) paBHa pazmMepHOCTH TIOJI-
POCTPAHCTBA, MHOTOWICHOB CTeNenu He Gonbieii s — 2, 10 ectb CF, o, 10-
JIydaeM, 9TO PasMepHOCTh JIMHEHHOi 06om0uku F(z) ne Gosblue, dem

d d _ d d d _
Cits — Cays—2=Caps—1 + Ciis1 — Chps 0=
_ d d d—1 d _ d d—1
= Cys-1+tChys o+ Coiy o —Clis 0=Cars 1 +C3 5. (9)

n _ (m n—1
31ech MBI OJIb3yeMcs U3BecTHBIM cooTHomenueMm C = C) _ + C) .
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Urak, myctsb

Y eFp(@) + (Je|® = 1)P(x) =0 (10)
peES

ISl HEKOTOPOTrO HeHysieBoro nabopa ¢, n muorowiena P(x). Torma, mogcras-
st p € S B KauecTBe T, Mbl OOHYJIMM BCE CJIaraeMble B JIEBOI 9acTH TOrO
pasencTBa Kpome ¢, Fy(p). Ilockonbky Fj,(p) He paBHO HyJIO, IIOJLY9aeM, UTO
¢y, = 0. ITockobKy 9TO BepHO JJIsi BCEX p, NOJIydaeM IHIPOTHBOPEYHE, 4TO 1
JIOKA3bIBAET TEOPEMY.

5. HEJABHUE PE3VJIBTATHI 110 COEPUYECKUM MHOYKECTBAM C
ABYMA PACCTOAHUAMU

O/inH 13 aBTOPOB TOH CTATHU YCUIUI BEPXHIOIO ONEHKY JJIs caydas cde-
PUYECKUX MHOXKECTB C JIByMsI PACCTOSHUSIMU, KOTJIa CYMMa 3TUX PACCTOSHUN
He IIPEBOCXOJIUT 7.

TeOPEMA 4 (O. P. MycuH [18]). Hycmv S — amo mnooicecmeo ¢ deyma
PacCMoANUAMY, Pacnosazaroueeca na edunudnoti chepe 6 RE npuném cymma
amuz (yeaoswr) paccmosnul ne npesocrodum . Tozda Koaumecmseo mouex
6 S ne npesoczodum d(d+1)/2 (mo ecmv CF, ;).

JHOKABATEJILCTBO. Byzem cumrTaTrh, YTO CKaJsipHbIE ITPOU3BEICHUS, CO-
OTBETCTBYIOIINE YKA3aHHBIM PACCTOSIHUSM, paBHBI a 1 b. Torma ycioBue, 9To
CyMMa 9THX PACCTOSHUI HE MPEBOCXOAUT T, SKBUBAJIEHTHO TOMY, 9TO a+b = 0.

Kak u B mpeapLaynumx J10Ka3aTeIbCTBax, KaXK10il Touke p € S comocraBuM
MHOTOYJIEH

Fp(z) = ((z,p) — a)((z,p) = b). (11)

Kak Mbl 3Ha€M, 9TH MHOTOYWIEHbI JINHEHO HE3aBUCUMBI U MMEIOT CTEIeHb 2.
[TokazkeM, 4TO KPOME TOIO OHU JINHETHO HE3ABUCUMBI C OJHOPO/IHBIMHE JIMHE-
HBIME YHKIIAME 1 MHOrodenoM ||z — 1.

IIycTb
2
Y epFp() + (v,2) +e(lz)® - 1) =0, (12)
peES
rie 6e3 orpaHmYdeHnsT OOIMIHOCTH MOXKHO cunTaTh, uto |[v|| = 1. Torma, mox-
CTaBJIsIsl B KAUECTBE & TOYKU P € S, MOJIYIUM CJIeIyIOIINe COOTHOIIEHNS:
—(v.p)
ZCpr(p) + (U,p> = 0, TO €CTb Cp = m . (13)

peES
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Tenepb IIoACcTaBUM B COOTHOIIICHUE (11) B Ka4eCTBe ' TOYKHN UV U —U:

3 %Fp(u) +1=0; (14)
peES
*<’l),p> o
p

Berauras (15) u3 (14), nmoaydaem

0=3 ol (Fy0) ~ Fy(-v) +2 =

peS
_ —(w,p) o _ N 2(a+b){(v,p)?
=X Taiw _b)( 20— 20)(v,p) +2= Y T—wapy T2 (16)
pPES pES
2
9€ero He MOXKET OBITb, IOCKOJIBKY @ + b > 0 u, 3HaquT, % BEJINYNHA
A
HeOTpI/IHaTeJH:HaH.

Teopema 2 1aéT BEPXHIOI ONEHKY Ha MOIIHOCTH MHOYKECTBA C JBYMsI pac-
crosuusivmu na chepe B RY pasnyio d(d 4+ 3)/2. Mpl yxKe Bujenn, 4ToO 372
onenka jgocruraercs npu d = 6. [Tomobuo ciaydaio d = 6 cTpouTcss puMep
st d = 22 [8]. Hpyrux npumepos, Korja gocruraercs onenka d(d + 3)/2, ne
U3BECTHO.

C apyroii CTOpOHBI, y HAC €CTh YHHBEPCAJLHBIN IpuMep CHepruIecKoro
MHOZKECTBA, C JIByMsl PACCTOSTHUSAME Sy — CepeInHbl pédep cuMILiekca. B arom
cilydae KOJIMIeCTBO Touek pasHO d(d + 1)/2.

B pabore [18] paccmarpuBasiach 3ajada 0 MAKCUMAJIbHBIX MHOXKeCTBAX S
¢ aByMs paccrosgHusMu Ha cdepe. I1o Teopeme 4, ecim cyMMa pacCTOSHUIL He
IPEBOCXOJIUT 7, TO KOJMIECTBO Touek B S He npeBocxoaut d(d + 1)/2. Taknm
obpa3oM, ocTaéTcs paccMOTpeTh ciay4ait a + b < 0.

N3 Teopemnr Jlapmana — Pomxkepca — 3eitnens ciaemyer, aro b =
=(ka—1)/(k—1),tme k =2,...,[(1++v2d)/2]. Janee B [18] npumensiercs
meron Hesnbcapra (eM., Hanpumep, [1]) jyist OlEHKE MOITHOCTU MHOYKECTBA TO-
Y€K C TAKUMHU PACCTOSTHUSAMU. DTOT MeTo st 6 < d < 22 m 23 < d < 40 maér
onenky Menblnyio dem d(d + 1)/2. CiemoBaresbHO, B 9TUX Pa3MEPHOCTSX Y
MaKCHUMaJIbHOTO MHOXKeCTBa a+ b > 0 1 MHOXKeCTBO cepeluH PEdep CUMILIEKCa
SIBJISIETCS MAKCUMAJILHBIM.

Henasuo B pabGore [4] stor pesynbrar Obui pacimmper Ha d = 23 u
40 < d < 93 (d # 46,78).

Bamernm, uto 6, 22, 46, 78 aBnsiorcsa uncaamu suga (2m 4+ 1)2 — 3, e
m =1,2,3,4. 9T0 UPUBOJIUT K CJEAYIONIEN TUIIOTE3E:

Mowgrocmod MakcumaibHo20 CHEPUUECK020 MHONHCECTNEA ¢ O8YMA PACCMO-
anusamu 6 RY, 2de d > 6 u d # 4m? 4+ 4m — 2, m € N, paena d(d +1)/2.
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