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KonTakTHble dnc/ia, KoJbl I
cpeprudeckrie MHOIOUJIEHbI

A. B. Akonsga™ I'. A. Kabarsaucknii' O. P. Mycun*

1. BBEJEHUE

B sroit crarbe MBI pacckazkeM 00 OJJHON MHTEPECHON MeOMeTPUIecKoil 3a-
Jade ¢ 0oJjiee UeM TPEXCOTETHeH HCTOpHeil, I/ie HepBble Pe3y/IbTAThl CTAJIM
HOSIBJISITBCST CPABHUTEJILHO HEJIABHO. 3818 IMMCsI CJIE/LYFOIIUM BOIPOCOM:

KAKOE MAKCUMANDHOE YUCAO WAPOS 00UHAKOB020 PAdUYCH MOHCHO
PACTIOAOAHCUMD 6 N-MEPHOM MPOCTMPAHCMBE MAK, “Mobbl 6Ce OHU
Kacasucy («OvLau 6 Kowmaxmes) 00no20 (4eHMpParvHo20) wWapa ma-
K020 oice paduyca?
CooTBeTCTBYyIONEE YUCJIO [IAPOB HA3BIBAETCSH KOHTAKTHBIM YHCIOM T(n)
N-MEPHOTO €BKJIMJIOBa IpocTpancTia. VI3 pucynka 1 oueBuHO, uTo 7(2) = 6.

Puc. 1.

*Pabora BbIOJIHEHA TIPU Y9aCTUIHON mopgepxkke douma «/Iunacrus», rpantos PODU
10-01-00096 u 11-01-00735 u rpanTta IIpasurenscrea PP Nel11.G34.31.0053.

tPaGora BeImONHEHA IpH YaCTHYHOM TOAIEpKKe rpanTta 11-01-00735 n rpanra IIpasn-
TeaberBa PO Ne11.G34.31.0073.

tPaGora BBIIOIHEHA IPU YACTHYHON TOepsKKe rpanTa 11-01-00735 u rpamra IIpasu-
tesabcrBa PO Ne11.G34.31.0053.
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ITomecTuM 1j1sT TPOCTOTHI IIEHTP IEHTPaIbHOro Imapa B Todky 0. Obo3Ha-
quM Ay, ..., AL Touku (BEKTOPBI) KacaHUsl HIapaMH [EHTPAJBHOIO IIapa.
Torma yroa mex iy sro6eiMu 1By Mst BekTopamu A; u A; He MenblIie /3 1 ode-
BHUJIHO, UTO HAIIla 3a/1a9a SKBUBAJEHTHA HAXOXKJIEHUIO0 MAKCHMAJbHOI'O UHCJIA
TOYEK Ha cdepe B N-MEPHOM IIPOCTPAHCTBE C IONAPHBIMU yIJIAMH HE MEHb-
me 60°. OTMeTHM, ITO TAKOE MHOXKECTBO TOUEK HA3BIBAETCS CHEepuUdeckuM Ko-
dom ¢ yryioBbIM paccrostauem 60°. TToxoxkuit 06beKT 1101, Ha3BAHMEM <« IBOMY-
HBIE KOJIbI C UCIPABJIEHHEM OIMUOOK» TaKKe OyIeT pacCMaTpPUBATLCs B HAIIen
crarbe.

Yemy pasao 7(3): 12 wim 13, 6bw10 npejmerom criopa B 1694 romy mexk ity
capom Herororom u capom I'peropu (nmpumep pacrosiozkenusi 12 mapos npuse-
CTH HECJIO?KHO, B 9TOM CJIy4ae IEHTPHI IMapPOB MOXKHO [IOMECTUTH B BEPIITUHBI
MKOCa’Jipa MOAXOJISINero pasmepa). HploTon okaszascs npas, u 7(3) = 12, HO
[IepBOE JI0KA3aTEJbLCTBO 9TOr0 (hakTa MOSBUJIOCH JIUIIb B cepejinHe XX BeKa
[19]. OTmeTM, 9TO TIOJHOE DJIEMEHTAPHOE JIOKA3ATEILCTBO 3TOr0 (hakTa ObLIO
HafiJIEHO CpAaBHUTEJIHO HeJaBHO. Ero MoXKHO HaiiTu B crarhbe [7], omy6sinko-
BAaHHOI B IPEJIBIIYINEM BBIIIYCKE 3TOrO COOPHUKA.

Hukakux japyrux smadenuii 7(n) He ObLI0 m3BecTHO Jj10 1979 roma, Ko-
I/Ia C MOMOINBIO HEOXKWJIAHHOTO JIJIE TEOMETPUHN METO/Id, IPULYMAHHOIO He3a-
nosro jo sroro ®. Jenscaprom (3], yaanocs gokasarb, uro 7(8) = 240 u
7(24) = 196560. Dror 3amevaresbHbI pesyiabTar ObL1 mosayuen B. 1. Jlesen-
mrreitnoM [6] u HezaBucmmo ot zero A. O yibrkko n H. Crnosnom [17]. Ha camom
Jiesie, yKke ObL10 u3BecTHO, uTo 7(8) > 240 u 7(24) > 196560 Gsaromapst AByM
3aMevaTe/IbHbIM pemeTkaMm: Fg m Agyq, y KOTOPBIX YHCJIO «COCeNeits paBHs-
JIOCh B TOYHOCTH 3TUM 3HAYEHUSIM. TPYIHOCTH COCTOsiIa B JOKA3ATEIbCTBE,
9TO GOJIBIIErO YHCJIa [MAPOB PA3MECTUTH HEJIb3sI.

CoeyromummM, U Ha CeroJ(Hsl OCJIeIHIM, U3BECTHBIM 3HadYeHueM T(n), cra-
JI0 oXKuJaeMoe paBeHcTBo T(4) = 24, KOTOpoe yJajoch JI0Ka3aTh OJHOMY W3
aBTOPOB 3TOf crarbu, cM. [16]. Ijisi mokasaTeabCTBa 9TOTO Pe3y/Ibrara MOHA-
nobmock MogudunInpoBaTh MeTod enbcapra.

Merog, Jlenbcapra mo3BOJISIET TOJIyYaTh BEPXHUE ONEHKHU (OIEHKH HecyIie-
CTBOBaHUs) JIJIsi MHOIMX JPYTUX JUCKPETHBIX 3aja4. B wacTHOCTH, caM MeTo
Obur npupyman JlegabcapToM JUlsi TOJIyYeHUsS BEPXHUX OINEHOK Ha MOIHOCTH
KOJIOB, MCIIPABJISIIONIUX OITHMOKU. DTU UeW TaK»Ke HAILIA IPUMEHEHUE B JIPY-
rux 3ajadax o0 ONTUMAJIBHBIX PACIIOJIOYXKEHHUSAX TOUEK Ha cdepe, B 9aCTHOCTH,
B 33/1a4e 0 KOH(MDUIYpAIUK 3JIEKTPOHOB ¢ MUHUMAJIbHOIT Heprueii, cm. [12] win
6ostee mpocToe ussoxkenue B [1].

B sroit crarbe MBI pacckarkeM 006 ONTHMAJbHBIX PACIIOJIOXKEHHUSIX TOYEK
Ha cdepe, pelerkax B eBKJIMIOBLIX IMPOCTPAHCTBAX W KOJAAX C HCIPABJICHU-
€M OIMMOOK W O TOM, KaK 3TU 3aJauM CBA3AHBI MEXKJy cODOil M KakK K HUM
MpuMeHAaTh MeTo, lembcapra.
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2. KOoabl 1 PEUIETKU

Kak MBI y2ke ynoMuHAaIu BBIIIE, €CTh J[Be 3aMedaTelbHble perieTku: Fg
B 8-MepHOM TpocTpancTBe U A9y B 24-MEepHOM IPOCTPAHCTBE, YHUCIO KACAHUIT
st KoTopbix paHo 240 u 196560, coorBeTcTBenno. Haubosee mnpocToit myTh
ONMCATHL ITH PENIeTKHU JIEYKUT, Ha HAIl B3I, Te€pe3 meoputo KoouposaHus.
Teopust KoJMpOBaHUs NJIN TEOPUS KOJIOB, UCIIPABJISIONIUX OINMUOKH, BEJET CBOI
orcyer or onybaunkoBanHoii 60 et Hazax paborer P. Xammunra [13], B Koropoit
OBLIN TIOCTPOEHBI KOJBI, UCTIPABJISIONINE OuHOTHbIe ommOKn. C MaTemMaTnde-
CKOIl TOYKM 3PEHUs] OCHOBHAs YacTh TEOPUHU KOJIMPOBAHUS MOXKET PACCMaTpU-
BaTbCd KaK TEOPHs YIAKOBOK OJIHOTO KJIACCA JUCKPETHBIX METPUYECKUX ITPO-
CTPAHCTB, HA3bIBAEMBIX ITPOCTPAHCTBAME XSMMUHTA, KOTOPBIE MBI cefdac U
OIIPEJIEJIAM.

Bazanum Ha MHOX)KecTBe B Bcex 060uunbir CJIOB (BEKTOPOB) JUIMHBL 1 13
andasura {0, 1} paccrosgune XsmMmuHra df Kak 9UCIO HO3UIMHA, B KOTOPBIX
JiBa cJioBa pazinyaiorcd. T.e. Jyis ABYX HPOU3BOJIBHBIX JIBOUYHBIX CJIOB & =

= (a1,...,an) b = (by,...,b,) uz B" paccrosiuue XsMMuHra MeXJy HUMH
pasuo dg(a,b) = Y " | |a;—b;|. Paccrosirue ot nysesoro ciiosa 0 110 ciioBa a =
= (ay,...,a,), PABHOE YUCJLY €IMHUI CDEH KOODJIMHAT (;, HA3BIBACTCS BECOM

XsmmuHra cjioBa a u obosHadaercs wi(a).

[Touemy dg(a, b) 9170 MeTPUKA, T. €. IOUEMY BBIINOJHEHA AKCHOMA TPEYTOIb-
HUKa (J1Be Apyrue akcruoMbl oueBunbl)? Onpenennm Ha B crpykrypy rpada,
CBSI3aB BepIIMHBI & 1 b peGpoM, ecim OHM Pa3/IUYarOTCs POBHO B OJIHON 110~
surn, T.e. ecan dg(a,b) = 1. Jlerko Bugers, uro dg(a,b) — sro jmna
KpaTJaiiiero myTu B 3ToM rpade, a Jyisl JUIMHBL KpaTJaiiinero mytu B rpade
AKCHOMa TPEyTOJIbHUKA, OYEBH/HO, BBIIOJIHEHA.

O6o3HayuM yepes

S(n,t)(a) ={x € B" :dy(x,a) < t}

map pajuyca t B npocrpancTse Xsmmutra B ¢ HeHTPOM B TOUKe (CJIOBE) a.

¢
Ero mommocrs oveBuiHo paBaa S(n,t) = Z <n>
i=0 \*

[Tommuo)kecTBO C' TpocTpaHcTBa X9MMUHTa 37" Ha3BIBAETCS YNnaKxoexol wa-
pamu paduyca t, ecan mapbl pajuyca t ¢ neHTpaMu B Todkax C He Iepeceka-
TOTCSI.

Ecin Touku (cioBa) ymakosku C' C B ncrosnb3oBarh [yisl epeiatn Co-
OOIIeHNMIT IO KAHAJTY CBsI3H, B KOTOPOM IIPH TIepejiade 1 CHMBOJIOB IIPOUCXOHAT
He GoJiee t OMMUOOK, TO HA IIPUEMHOI CTOPOHE BO3MOXKHO OJTHO3HAYHOE BOCCTA~
HOBJIeHHe (dekoduposarue) MepeJaHHOro COODIIEH I, TAK KaK IIapbl Pajuyca
t ¢ meHTpaMu B Pa3HLIX KOJOBBIX CJIOBaxX He mepecekaiorcs. Ilo sToit mpu-
YHHE YITAKOBKA IMAapaMU Pajinyca t TaK¥Ke HA3SBIBAETCS 080UUHBIM KOOOM OAU-
HoL 1, ucnpasasougum t owubok. Pacemosanue d(C') xoda C onpepensiercst Kax
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MHWHUMaJIbHOE U3 ITOIIapPHbIX paCCTOHHI/Iﬁ Me2K/1y ero cjaoBaMu

d(C) = min d(c,c’ 1
(€) Jin (c,c), (1)

u kox, C' sBJIsieTCsl YIIAaKOBKO# MapaMu pajuyca t, T.e. Ucupasiiser ¢t ormuboxK,
eca 1 ToabKo ecau d(C) > 2t + 1.

Beromy Humke Kom — 9TO CHHOHIM MTOIMHOYKECTBA TTPOCTPAHCTBA, XIMMUHTA.
st koma C' ¢ ucripaBjieHneM t oruboK, T. €. JJIsT yIIAKOBKH ITapaMu pajuyca t,
onpeJesiuM WIOTHOCTh yrakoBku (C,t) Kak 100 Beero npocrpancTsa B
MOKPBIBAEMYIO Imapamu ¢ rneatpamu B C, T. €.

|CIS(n,t)
O‘{BBI/I,HHO, 9TO IIJIOTHOCTDL YIIAKOBKH (KO,Ha) He 6oJiee 1, T. €. JJIsd MOIIMHOCTU
IIPOU3BOJIBHOI'O KOJa Cec HCIIpaBJIEHUEM t ommbOoK CIIpaBEJINBO OI'PaHUYICHNE
27l
Ol < ——
1< S

Ha3bIBAEMOE IDAHUIEH XIMMUHTA.

Kompl, nocturatorniue rpanuily XoMMIHTA, HAZBIBAIOTCS COGEPUEHHDLMU —
OHI IIOTHO, «0e3 IBIP» 3aIlOJHSIIOT BCE MPOCTPAHCTBO XsomMmuaTra. P. XoMm-
MWHI' TIOCTPOUJI COBEPIIEHHBIE KOIbI, UCIPABJIAIONINE OIUHOYHBIC OIMUOKUH —
pu jytuHe n = 27 — 1 oHu uMeroT MOIIHOCTE 2" tne r = 2, 3, .... Torna xe,
Ha 3ape Teopun KoxmpoBauus (komer| 1940-x), 6bLIN MOCTPOEHBI JBa COBEP-
[MEHHBIX KOJa: JBOUIHBIN Ko, ['otest iyinHbl 23, HCIPABJISIIONIII TPU OMINOKH,
u TponuHblil (T.e. Hax andasurom {—1,0,1}) kox Tosest jumabr 11, ucnpas-
Jistroruit iBe omuOKu. OJHUM U3 CAMBIX 3aMEUYATEIbHBIX PE3YJIBTATOB TEOPUU
KOJIMPOBAHUS $IBJIAETCH JOKa3aHHas B Hadaje 70-x rogoB XX Beka I'HIOTe3a,
9TO JAPYTUX COBEPIIEHHBIX KOIOB, UCIPABJILAIONUX ¢ omubok, npu ¢t > 1 He
CyIIecTByeT, cM. [8].

HeynuBuresibHO, 9TO /15 IIOCTPOEHUS ONTUMAJIBHBIX PACIOJIOZKEHUN TOUEK
Ha ccdepe HaM TOHATOOSTCS UMEHHO COBEpPIIEHHbIE ABOMYHBIE KOabl. Haurem
¢ kojoB Xammunra. Kog Xsmmunbra jymmabl 7 (caMblil TpOCTOH U caMblil u3-
BECTHBIN W3 KOJIOB) 3aJIa€TCsi KAK MHOXKECTBO PEIEHUH CUCTEMbl JIMHEHHBIX
ypaBHeHUN

1 Dx3Das®ay =0,

To D x3®xg Dy =0, (2)

T4 @D w5 D a6 G 27 =0,
rjie T; € Zo n & o3Ha4YaeT CAOXKEHHE 110 MO0 2. JIerko yBujeTs 3aKoH, 110
KOTOPOMY BBIOpaHbI KO MUITUEHTHI 9TOI CUCTEMBI. A UMEHHO, KO3 PUITEeHT
IpU T; B 9-M yPaBHEHHU PaBeH KO3(POUIUEHTY IpH 2¢=1 B nBoMuHOM pazio-
JKeHUH dnciia j. Takske JIerKo BUJETH, 9TO Y 9TOH CUCTEMBI ecTh 16 perreHwuii.
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ILGIU/ICTBI/ITGJIBHO, nmepenuiieM CUCTEMY B BUIE
r1 =23 D x5 O 27,
T2 =23 ® x6 D 27,
Tq4 = X5 D xg D X7.

[Tepemennbie 3, X5, T¢ U T7 MOKHO BBIOPATH IIPOU3BOJILHO (TaK HA3BIBAEMBIE
nH(MOPMAIIOHHBIE CHUMBOJIBI), W Yepe3 HUX OHO3HATHO OMPEIESTCS OCTAb-
HBIE TIEPEMEHHBIE X1, T3 U T4 (TAK HA3bIBAEMBIE IIPOBEPOYHBIE CHMBOJIBI).

Urak, mbl onmcann 3aaMeHnToiil (7,4)-x00 Xommuneza. 3aecy 7 o3HagaeT
Pa3MepHOCTDH IIPOCTPAHCTBA, HA3BIBAEMYIO JJIMHON KOja, a 4 — qucyio nudop-
MAIIMOHHBIX CUMBOJIOB. [IpoBepuM, UTO MHOXKECTBO PEIIeHUl 9TON CHCTEeMbI
SIBJISIETCsT KOJIOM C PacCTOsTHUEM 3, T.e€. YIIAKOBKOI Iapamu pajmyca 1 wim,
9TO TOXKE CaMO€, KOJOM C HUCIPABIECHUEM OJIMHOYHBIX OIMMOOK. 3aMETUM, UTO
HIO60€ HEeHyJIeBoe penieHne CUCTeMbI JJOJIZKHO UMETH KaK MUHUMYM TPU €JIUHUN-
bl CPEJIV CBOMX KOOPJMHAT, IOTOMY YTO WHa4e Hailijercs ypasHeHue u3 (2), B
KOTOPOM TIPUCYTCTBYET TOJIBKO OJ[HA M3 9TUX eJIUHHUIL (CTOIOIBI Koadhdurmen-
TOB IIPH PA3JINIHBIX [IEPEMEHHBIX PA3JIMYHBI U OTJIMYHbBI OT HYJIEBOI'O CTOJIONA).
ITycrs Teneps a = (ai,...,a7) u b = (by,...,b7) — /1Ba IPOU3BOJIBHBIX Pa3-
JIMYHBIX pellieHnst cucreMbl. Pacemorpum Bektop adb = (a1 B by, ..., a7 Dby).
Yucao equHnil B HEM U €CTh PACCTOAHIE XIMMUHTA MEXKY BEKTOpaMu a u b,
a TaK KaK OH TaKXKe {ABJIFAeTCsdA pelnIieHrneM CHCTeMbl, TO B HEM HE MEHee TpexX
€JINHUIL, IYTO U TPebOBAIOCH J0Ka3aThb. OTMeruM, 910 Koji C' €O CBOHCTBOM, UTO
BMeCTe C JIByMs JIIOOBIMH BeKTOpamMu a u b u3 Koma mx cymma a & b Taxkxke
IPUHAJJIEIKAT KOJY, HA3BIBACTCS 2PpYNnocouiM (I AUHETHbIM) KOJOM.

CorocTaBuM TIPOU3BOJIBHOMY JIBOUMYHOMY BEKTODY € = (C1, . .., Cp) BEKTOD
¢ = (c1,...,0n41), T11€ Cpy1 = €1 D ... D ¢p,. Takas omepanus Ha3BIBAETCS
1-yrsmmHeHneM ¢ IOMOIIBIO OOIIell TPOBEPKH Ha Y€THOCTDb. fIcHO, 4TO mpuMe-
HEHMe ITOH onepanu K IPOU3BOJILHOMY JIMHEHHOMY KOJIy ¢ HEYETHBIM PacCTO-
sitaueM 2t + 1 npuBOJUT K JUHEHHOMY KOy C TOU Ke MOIIHOCTBIO, HO Ha, €JIU-
HUITY OOJIBITIMI PACCTOSTHUEM M JIHHOM. V Ha caMoM jeste HaMm OyIeT HyzKeH
He caM (7,4)-kox Xammunra, a ero l-yjymuenue, T.e. (8, 4)-Koj ¢ paccrosiHueM
4 (Tak»Ke Ha3bIBaeMbIl KOJ0M XaMmuHra). Kpome Toro, Ham moHao6uTcst TOT
dakT, ¥To y HyseBoro BeKTopa B (8,4)-Koje numMeercst poBHO 14 «coceeii», T. e.
B KoJie umeercs 14 KOJIOBBIX CJIOB Beca 4.

YIPAXKHEHUE. Jlokaxkure 910 (IMOJCKA3Ka — STOT KOJ| I'PYIIOBOI, U B
HEM eCTh BEKTOp 1 m3 Bcex euHuI).

Pewemxoti L B n-MepHOM eBKJIMIO0BOM IpocTpaHcTBe R™ Ha3bIBaeTCs Jauc-
KpeTHas MOAIPYIIIa 3TOTO MPOCTPAHCTBA, T.€. JJis JIOOBIX JIByX BEKTOPOB
peIeTKn uX CyMMa M Pa3HOCTb TaKKe sIBJISIeTCs BEeKTOpaMu pernerku. 1Ipo-
cTeffIell pereTKol ABJIsIeTCs eJIOUNCTIeHHAs PeIeTKa Z™, CoCTodIas U3 BceX
TOYEK C IEJIOYUCIEHHBIMU KOOpJAuHaTaMu. Jlerko mokazarhb, 9TO Jobast
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perierka uMmeer 6a3uc (M He OJMH), T.€. HAOOD JIMHEHHO HE3aBHCHUMBIX BEK-
ropos v ... v(%) rakux, uro 11060ii BEKTOP PELIETKH V IIPEJACTABUM B BIIE
UX [EeJ0YNCTIEHHON KOMOMHAIIAN, T. €. V = alv(l)—i—. . .—|—akv(k), e ay,...,ar —
HeJible 9UCIa, a 9ucjao k HasbiBaeTcs panroM pemerku. Otupejesum st pe-
merku L ee Munumasbaoe paccrosiuue d(IL) (aHATIOrHYHO TOMY, K&K 3TO GBLIO
crestano it Koja, cM. (1))
d(L) = min d(v,Vv').
v#vV/EL

C ka0l pemeTkoil cBA3aHO COOTBETCTBYIONIee uncio kacanuii. «Coce-
JISAMI» TOUYKM V € L Ha3bIBAIOTCA TOYKM pEmeTKH L, KOTOpble HAXOAATCS Ha
paccrostaun d(IL) or v. Huncso coceneit He 3aBUCAT OT BBIOOPA TOYKU V U 060-
sHavaercst 7(LL), Tak Kak, IIOMECTHB B TOYKY V U ee COoceJieil Maphl pajuyca
d(LL)/2, mbt noaygaum 7(IL) mapoB, Kacaronmxcst MeHTpaJbHOro mapa. Hampu-
Mep, JJIsl PEMIETKH Z" e pacCTOsTHAE PABHO 1, & YUC/I0 KacaHuuii 2n, 9T0 MEHb-
me 7(n) mius Beex n = 2. Bosee Toro, usBecrHo, uyro 7(n) npu GOJIBIIAX N
pacreT SKCIOHEHIMAJIBHO, a NMeHHO (cM. [4])

(1.15470 ... )"(+o) < 7(n) < (1.32042. .. )»(+o(1)

CormoctaBuM Tenepb ABOUIHOMY JuHeHHOMY KOy C' JITHHBI 1 PErreTKy
Lo B R

Le={x=(z1,...,2,) €Z" : (1 mod 2,...,x, mod 2) € C}.

Paccrosinme 3Toif pemerkn pasao min{2,v/d}, rae d = dg(C) — 310 pac-
crosgaue koma C. B ciaydae d = 4 coceny HyJIEBOrO BEKTOpa B 3TOH peleTke
9TO BEKTOPBI, ¥ KOTOPBIX BCe KOOPAMHATHI paBHBI (), KpoMe OTHO#, paBHON +2,
U BEKTOPBI, [IOJIyUYeHHbIE U3 BEKTOPOB Koja C Beca 4, B KOTOPBIX «IBOUYIHBIE»
1 zamenens! Ha +1. Toro nmeem 2n—{—2dAd coceneit, rae Ag — 9TO UHCIIO CJIOB
MuHHMaJbHOTO Beca B koge C. Hakomer, BosbMeMm B KadecTBe C' ONMCAHHBIN
e (8,4) kox Xammunra ¢ d = 4 u Ay = 14. Tlosyuaemast pererka u3BeCcTHa
Kak pemerka Fg u amciio coceseit v Hee paBHO 2 X 8 + 24 x 14 = 240, uro u
XOTEJIOCH IIOJIYYUTh!

Jlst mocTpoeHust pererku JInda HaM mOHAIOO0WTCS 1-yIJIMHEHHBIR KO
Tomest (obosnadaercs Gog). DTO JBOMUHBIN JUHEHHBIH KO JIMHBL 24 ¢ pac-
crostHueM 8, cocrosmmuit u3 22 cnos (cpequ HUX ecth u BekTOp 1), U3 KO-
TOpbIX 759 cjIoB Beca 8. DTu cjioBa Beca 8 0OpasyloT 3aMedYaTebHYH KOM-
6unaTopHyt0 KOHMUrypanuio, HasbiBaemyto cucremoii [reitaepa S(5,8,24).
A umenHo, g JIIOOBIX D-M TO3WIMI U3 24-X Haiijercss U POBHO OJHO KO-
JIOBOE CJIOBO Beca 8, MMEIOINee eJMHUIBI Ha ITUX MO3UIUSAX (3aMETUM, UYTO
CJIOBa MUHHMAJILHOTO Beca B (8, 4)-kome Xsmmunra, obpasyior S(3,4,8)). Pe-
meTky Lg,, B R?, moctpoennyto na kojie Gog, pazobbem Ha JiBe TIOPEIeTKH
L' ={x€elg, :z1+...4+7, =0 mod 4} uL! = {x € Lg,, : v1+...+2, = 2
mod 4}. Torya pemerka JImaa Agy = 210 U {1 + 2L},
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K coxkasienuio, Hu OHO M3 MHOTOYMCJIEHHBIX ONUCaHui Koga l'ojed u pe-
mreTku JInda He TTO3BOJIAET MIPOCTO, T. €. B pAMKaX JAHHON CTaThbU, MOJYIUTb UX
OCHOBHBIE CBOMCTBa, B TOM UHCJIE, [TOJCIUTATH COOTBETCTBYIOIIEE KOHTAKTHOE
qncyo, papaoe 196560. IToaToMy MBI OTCBLIAEM 3aUHTEPECOBABIIIETOCS UNTATE-
a1 K KHAre [5].

3. PEIENT

B sToit wactu, Mbl mokaxkeM Kak paboraer meron emhcapra B Hanbosee
obreM cirydae.
Hawm monamobarcst nososrcumenvro onpedesernvie GYHKuu.

ONPEAEJEHUE. Ilyctb M — MeTpudeckoe MPOCTPAHCTBO ¢ (PYHKITHEH
paccrostaust 7(z,y). Oyuxus g(7) (onpesenenHast Ha MHOXKECTBE BCEX PACCTO-
stHUii M), Ha3BIBAETCSI NOA0HCUMENLHO onpedeaentol Ha M, eciu 1ist 1106010
HaboOpa TOYEK T1, X2, ..., LN U JIOOBIX YUCET U1, U, - - -, UN BBHIIOTHEHO:

N
> g(r(@i, ;) uin; > 0. (3)
ij=1

Wuorma ynobHO paccMaTpuBaTh «HENPEPBIBHBIN» BAPUAHT ITOTO OIMpeje-
nenust. To ecThb, mOTPebOBATH, YTOODI JJIst JTI0O0I HEIpPEpbIBHOI dyHKIN U(X)
u Mepel p Ha M

J[ st uta)uts) dud, > 0

Jlerko BuzeTh, uTo ecau gi(t) u go(t) — MOJIOKUTEIBHO OIPEJIEIeHHBIE
dyukmu, To ¢191(t) + c2g2(t) — noOIOKUTENLHO ONpeiesieHHasT DYHKITUST JJIsi
MO6BIX 1, c2 > 0. U3 semmer Hlypa (|9, 3ama1ta 7.35|) caeayer, aro u npous-
BeJIEHUE JIBYX MOJIOKUTEJIBHO OIPeJIeIeHHBbIX (DYHKIIUI TaKKe MMOJIOKUTEHHO
onpenenennas Gyukius. Ho HaMm 3To0 He OHAI00UTCS B JaJbHEHIIIEM.

I[IPuMEP 1. Ecim B KagecTBe METPHUIECKOIO IIPOCTPAHCTBA B3SThH €IMHUY-
HYIO OKPYZKHOCTb S' € YIVIOBBIM PACCTOSHHEM, TO IPHMEPAMHI HOJOKUTETHHO
omnpejiesieHHON (DYHKIUU MOTYT Cay)KuTh GyHkiuu cos kt, tne k € N. B pas-
Jiejie b MBI 1ajiuM sicHoe o0bsicHeHue 3ToMy baxTy. OKa3bIBAETCsI, ITO JIEOOAsT
[IOJIOXKUTEJILHO Olpeae/ieHHas (PYHKIMS Ha OKPYKHOCTH SIBJISIETCSI JIMHEHHOMN
KOMOWHAIMEH ¢ HeOTPUIATe/IbHbIMEA KO3 pUImeHTaMu 3TuX PYyHKIAH, a TaK-
»Ke PYHKITUN, TOXKIECTBEHHO PABHON eJIMHUIE Ha BCEeH OKPYKHOCTH.

Teneps nepeiinem K camomy TpIoky. IIycTs HaM yJga1och HaTH Takue I0JIo-
JKATEJILHO ompejiesentyio Gynknumio ¢(t) na mpocrpancrse M u wucio ¢ > 0,
qro juist pyukiwn f(t) = g(t) + ¢, BbIIOIHEHO Ciejyrolee

f(0) =1,

f(t) <0, upu Beex t > d.
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Paccmorpum Habop Touek z;, ¢ = 1,...,N B M Takux, 9TO pPaCCTOsi-
HUsT MEXKJy JIIOOBIMU JIByMsT TOYKaMu He MeHbIe d. /laBaiiTe orneHmM cBep-
Xy MaKCHUMAaJIbHO BO3MOYKHOE KOINIecTBO To4UeK N. JIst 9TOT0 OTleHnM cyMMy
2%:1 f(7(x4,25)) nByMs criocobamt.

C omHOIT CTOPOHBI

N N
> fr(mixg)) =D g(r(wi, ;) + eN? > eN?, (4)
ij=1 ij=1

HOCKOJIbKY yHKIUs ¢(t) MOJOKUTEIBHO Olpe/ie/ieHa.
C npyroit ¢cTOpOHBI

N N N
> (@i wg) =Y fr(zi,z)) + Y f(0) <N, (5)
ij=1 ij=1 i=1
i#]
IIOCKOJIBKY PAcCCTOSHHE MEKJy JIOOBIMHU JBYMsI TOYKaMU T; U T Oojbie d, a
saaant f(7(zi, z;)) < 0.

O6beuHss STH JBa HEPABEHCTBA, MbI moaydaeM, 4to N < ¢~ 1. Takum 06-
pa3oM, HaM yJIajI0Ch OIEHUTh BO3MOXKHOE KOJIMIECTBO TOUEK B M Ha paccTosi-
uun d gapyr ot apyra. HecmoTpst Ha TO, YTO JaHHBIHA IJIaH BHITISIUT YePeCIyp
abCTPAKTHBIM, OH JIEeHCTBUTE]BHO paboTaeT, YTO MbI U IIPOJAEMOHCTPUDPYEM B
[TOCJIEIYOIIUX pa3Jiesiax.

4. MHOI'OYJIEHBI 'ETEHBAY2PA

U. Hlou6epr B |18] Haies Bce HOIOKUTEIBHO OIpe/ieseHHble (DYHKIMN Ha
cdepe. OkasbiBaercst, 910 Jitobas 1. 0. . SBJSIETCS JIMHEHHON KOMOUHAIUI
¢ HeoTpHUIATEIbHBIME KO dunnentamu MaorowaeHoB [erenbayspa (or Kocu-
HYCOB YIJIOB MeKJly Toukamu). Muorouens! 'erenbayspa MOXKHO OIIPE/IEIIUTh
pasuabiMu criocobamu. Harpumep, pekyppeHTHO

2
n n n —1
6@ =1, @) =r G ="t
@k +n—2) 26" (2) - (k- 1) G, (@)
k+n-—3 '

(6)

) (x) =

Jlarmabie (pOpMYJIbI BBITVISIIAT JOCTATOYHO HEITOHITHBIMU. | eoMeTpruIecKuii
CMBICJI MHOTOUJIEHOB |'ereHbayspa Mbl 00bsiCHUM B pazzesie 5. OTMETUM JINIIb,
YTO BEPXHUN WHJEKC 0003HAYAET Pa3MEpPHOCTh, KOTOPOI COOTBETCTBYET JAH-
HBIFT MHOTOUJIEeH. B wacTHOCTH, Gl(f) (cost) = coskt. Tak, yrBepKieHue u3
npumMepa 1 0600IaeTCst CJIeLyIONUM 00Pa30M.
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TeOPEMA 1 (IIIoHuBEPT U. £I. [18]). Dymryuu umerouwjue 6ud
o0
g(t) = Zaing)(cos t), a; >0,
i=0

ABAAOMCA NOAOHCUMEADHO ONPEIEAEHHDIMU PYHKUUAMU Ha chepe.
Obpammnoe mooice 8epro, A100GA NOAOAHCUMEAOHO ONPedeneHnan HyYHKyUa
Ha chepe npedcmasasemcsa 6 maxom sude.

K coxastenuro, Bce j1oKa3aTe/IbCTBa JIAHHON T€OPEMBI JTUOO CJIUIIKOM JIJINH-
HBI, JJIS TOTO YTOOBI MPUBOJNUTE UX 3/1€CH TOJHOCTHIO, MO0 UCIOTB3YIOT 10~
[TOJTHUTEJIbHBIE UJIEN U TIOHSITHS, KOTOPBIE TOXKE BBIXOSIT 3 IPeIeibl OCBeIa-
eMOil B cTaThe TeMbl. XOTsl B CJIEIYIONIEM pa3esie Mbl HOMBITAEMCS HECKOJIBKO
OCBETHUTH TTPOUCXOJIAINEE ¢ TOUKN 3PEHUsT TAPMOHUIECKOTO AHAJIM3A.

Ceituac »Ke mpuBeJEM 3JeChb J0KA3aTeIbCTBO MEePBON (HYXKHOI HaM)
YACTH TeOpeMbl 1, MCIOJNB3YIOIee TAK HA3BIBAEMYIO MEOPEMY O CAOHCEHUU.
JlokazaTeabCcTBO 9TONH TEOPEMBI JOCTATOYMHO JJTMHHO, HO IOCKOJILKY B JAJIb-
HEHIeM HaM ITOHAJI00UTCs TOJIOXKUTEIbHAS OIPE/IEJIEHHOCTh He BCEX MHOIO-
wteHoB lerenbayspa, a TOJBKO HEKOTOPBIX M3 HUX, TO KOPPEKTHOCTH COOT-
BETCTBYIOIUX (DOPMyYJT MOXKHO (TEOPETUYECKH) MPOBEPUTH BPYUHYIO HJIM HA
KoMmIbioTepe (mpakrudeckn). [ouTn Bce cOBpeMeHHbIE MAaTEMAaTHYECKHe IIa-
KETBI, MPEIOCTABJIAIONIIE BO3MOXKHOCTh PabOTATh ¢ CHMBOJBLHBIME BBIparKe-
ausivu (MATLAB, Mathematica, Maxima), umeror BcTpoeHHble GUOIMOTEKH
[TO3BOJISTIONINE MAHUILYJIUPOBATE CTAHJIAPTHBIMA MHOTOWJIEHAMHU, B YaCTHOCTHU
¢ muorowtenamu [erenbayspa. Ntak, chopMmymupyemM TeopeMy O CJIOKEHUM.

TEOPEMA 2 (TEOPEMA O CJIOYKEHUM).

G;n) (cos 01 cos O3 + sin 0y sin O cos ) =
k
= > Mpks G,(:_st) (cosBy) G,E?_J;ZS) (cos B3) (sinf;)® (sinbz)* Gy (cos ),
s=0
(7)

ede My ks — HEKOTNOPDIE NOAOAHCUMENLHVLE KOIPHUUUEHMDL.

JIOKA3ATEJIbCTBO TEPBOM YACTU TEOPEMBI 1. JlokazareabcTBo Oyjem
[IPOBOANTH MHAYKIMEH 10 PasMEepPHOCTH MHOIrOWIeHOB [erenbayspa. Kak Mbl
y2Ke YIOMHUHAJIN B HAYAJIe 3TOrO Pa3jiena, G,(f)(cos t) = cos kt, 9TO eCTb 1oJIO-
JKUTEJILHO onpeesierndas dyuknus. [losToMmy 6aszy MHAYKIIUM MOXKHO CUATATH
JIOKA3aHHOM.

[Mycts Toukm x;, ¢ = 1, ..., N, pacrnonaraiorcs Ha cepe S”, a z — 310
OTMEUYEHHasI TOUYKa Ha 9T0il cdepe, KOTOPYIO MBI OYIEeM Ha3bIBATH CEGEPHLLM
noaocom. O6o3HaUNM depe3 0; BeJMIuHy OOJIBINON JyTH, COeNUHSIONENR T; U
Z (TO eCTh paccTOsTHHE MEXKJY STHMH JIByMs Toukamu). Ecian ¢;; — yrom npn
BepIINHE 2 B ¢(HEPHIECKOM TPEYTOJIBHUKE 2T;Tj, & L;j — BEJINIUHA JIYTU T;T;,
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TO chepryuecKasi TeopeMa KOCHHYCOB TOBOPUT HaM CJIeJLyIOIIee:
cos xj; = cos B; cos 0 4 sin 0; sin 0; cos ;. (8)
O6beaumnm Boipazkerns (7) u (8) u mosydamm:

G(n) (cos zjj)ujuj = G;n) (cos §; cos 6 + sin 6; sin 0 cos ;) uju; =
k
= Z M, ks G(n+2s)(cos 0;) Ggizs) (cos ;) (sin6;)® (sin 0;)° uu;-
5=0
. Gg”_l)(cos ij) =

= Z Mn,k,s wl(S)w](S) G‘(enil) (COS (pij)a

2 .
rie wl(s) = u,GECn_J; ) (cos ;) (sin6;)®. Tenepp mpocyMMEpyeM JTaHHOE BBIPaKe-
HHUE 110 BCEM Hapalﬂ TOYEK

N
(n) (n—1)

> G (cos i usu; = z ks 30 wP0PG D cos o). (9)

4,5=0 1,5=0
OTmMeTHM, 9TO (;j MOXKHO HHTEPIPETHPOBATH KAK PACCTOSHUE MEXKIY IIPOEK-
IUAME TOYeK Z; U T; Ha 3KBaTOP, COOTBETCTBYIOMuil Touke 2. [losromy, B cu-
JIy TIOJIOYKUTEJIBHOW OIpeJIeJIEHHOCTH MHOI'O4/IeHOB ['erenbayspa pasMepHoOCTH
n—1,

i,j=0
ITonb3ysich 3TUM U TE€M, UTO Koacb(bHuHeHTbl M k,s > 0, Homydaem u3 (9)

N
Z chn (cos xyj)uiuj = Zmnks Z w(s w; (s) (” 1)(cos ©ij) = 0.

1,j=0 1,j=0

5. COEPUYECKUE ®YHKIIUU

B 9TOI 9aCTU MBI IIOIILITAEMCSI KOPOTKO O6’bHCHI/ITb «IIpUPOAY>» MHOT'OYJIE-
HOB lerenbayspa. Bce yTBepkieHHUsT 9TOro pasjiesia Mbl OCTaBUM 0e3 JIoKa-
3aTe/ILCTB. 3aMHTEPECOBABIIHUIICA YNTATEb, He 3HAKOMBIN C 3TO# 00JIACTBIO,
MoxKeT obparuThbest K [2,10] uiam apyrum Kuuram 3a 6oJiee moApOOHBIME 0O
ACHECHUAMU.

QusukaM XOPOIIO U3BECTHBI 2aPMOHUMECKUE GYHKUUU, TO €CTh PYHKIINH,
onepatop Jlammgaca oT KOTOPBIX TOXK/IeCTBEHHO paBeH Hys0. Hac GymayT unTe-
PecoBaTh OJIHOPOJIHBIE TAPMOHUYIECKUE MHOTOUIEHBL S (L1, T2, . .., Ty).
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PasMepHOCTb MPOCTPAHCTBA OJHOPOJHBIX TAPMOHUIECKUX MHOIOYJIEHOB
n+k—2 n+k—3
cTeneHn k OT 7 IIePEMEHHBIX PABHA Cj p = ) + ro1 )
PaccMoTpuM THILGEPTOBO IPOCTPAHCTBO M3MepuMbIX dynkimii L2(S™1)
CO CTAHJIAPTHBIX CKAJISPHBIM IIPOU3BEICHUEM:

(19) = [ F@)go) de.

OxkasbiBaeTcst, JII0ObIe JIBa OJHOPOIHBIX MAPMOHHYECKUX MHOTOUIEHA Pas-
HOI1 cTereHn OpTOroHabHbBI. OHOPOIHBIE MHOIOYIEHB! OJUHAKOBOW CTEIEHH,
KOHEYHO, OPTOTOHAJIBHBIMU OBITh HE 00SI3aHBI.

Bribepem opronopmuposanublii 6asuc Sk, | =1,..., ¢k, B IpOCTpaHCTBe
FapMOHIYECKUX MHOTOYIeHOB cTeneHu k. MoxKHO mokasarh, 910 00beuHeHne
3THX 6a3UCOB 110 BeeM k GyeT mosHbiM 6asucom B L2 (8" 1). Umenno Ha 3ToM
OCHOBAHO J0Ka3aTeIbCTBO BTOPOl YaCTU TEOPeMBI 1.

Paccmorpum orobpazkenne ¢: R™ — R%:n onpenenernHoe ciaeayionumm 00-
pasom:

P (@) = (Sk1(@), Spa(x), -, Shoop (@)

Orobpazkenne ¢ MepeBoauT eauHuYHyo cepy B S~ B HeKOTOpOE MHO-
JKeCTBO, Jiexkalee Ha cdepe (He e MHUIHOI) B mpocTpancTBe R% .

KitoueBbIM CBOMICTBOM JIAHHOTO OTOOPAXKEHUs SIBJISIETCSI TO, UTO PACCTO-
SHIEe MeKIy 00pa3aMm JIOOBIX JABYX TOYEK T,y € S™ ! 3aBHCHT TOJIBKO OT
CaMOr0 PACCTOSTHUS MeXKIy HUME. TakuM oOpa3omM, Mbl MOXKEM BBIPA3UTh CKa-
JISIpHOE TIPOU3BEIEHNE OT BEKTOPOB U3 00pasa 4,0,(:) (2)(S™ 1) wepes cxamsproOe
IIpou3BeeHue B caMoOM IipocTpancTse R™.

Mmuorowrenst ['erenbayspa — 310 u ecTb (HOPMUPOBAHHOE) CKAJISIPHOE TIPO-
U3BeMIeHNEe B MIPOCTPAHCTBE R%:n:

Gy ((z,y)) = e Zskl )Sa(y)-

Ck,n

W3 mocnenneit popMysibl MOJOXKHATEIbHAS ONpPEJeIeHHOCTh (PyHKIN
G} (cost) cnenyer apromarnuecku. JleiicTBuTEIbHO, 3HAYEHNE CYyMMbI U3 JIe-
BOIl yacTu HepaBeHCTBa (3) Oy/leT paBHO KBaJpaTy JUIMHBI BEKTOPa Y ;¢ (T;),
YMHOKEHHOI Ha COOTBETCTBYIONIINI HOpMUPYOmuil Koaddunuent.

[TPUMEP 2 (IIPOJOJI?)KEHUE ITPUMEPA 1). OHOPOIHBIC TADMOHUYIECKIE
MHOI'OYJI€HBbI OT ABYX II€PEMEHHbIX CTEIICHU k} SIBJISIIOTCS JIMHEMHON KOIVI6I/IHa—
nuen JIBYX CJIEIYIOIUX MHOIOYJIEHOB

Ska(z,y) = Re(z + iy)*
Sk2(z,y) = Im(z + iy)"
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TaxuMm 06pa3oM, 0TOOparKeHue (p,(f) (x) mepesomuT TouKy 3 S' ¢ KoopMHa-

tamu (cos o, sina) B TOUKy ¢ KoopjauHaramu (cos ka,sin ko). ITosromy, s
JTOOBIX JBYX ToUeK T,y € S', Besmanna Tyru MesK Ty KOTOPBIME PaBHA Y, MBI
OJLy YaeM

<90§f) (), o) (y)> = cosky.

2
ITosy4gaem poBHO TO, 4TO U ObeIIAIH, G,(g )(cos x) = cos kx.

6. OT TEOPUU K MMPAKTUKE

B sTom pasgene Mbl mokarkeM Kak paboraer Mmerol Jlenbcapra Ha KOH-
KpPeTHBbIX pumepax. Mbl jokaxem, uro 7(8) = 240 u 7(24) = 196560. Kpome
TOrO, IMOKaXKeM, 4To cpenu 2n + 1 BekTopoB B R™ HaiiayTcs nBa, yroja Mex Ly
KOTOPBIMH OCTPBIIi.

st nagana chopmyupyem pesysbrar pasjena 3 (coorunornenus (4) u (5))
B BHJIE CJIJYIONIEH leMMbl (rae & = cost).

JIEMMA 3 (KJIIOYEBAS JIEMMA). [Tycmo,
f(@) = co+ aGyi(z) + - + G (2),
edeco >0 uc =20, npui>1. Ecau f(1) =1 u f(x) < 0 npuz < cosp,
mo na edununnoti cepe ST neavsa pacnoaosicums Goaee wem Cy mouer,
PACCTMOAHUA MENCOY KOTMOPOIMU HE MEHDULE (.

Haunmem ¢ mocnenneit 3amaan, 0603HaUEHHOM B Hadaje 3Toro pasmaeia. Co-
[OCTaBUM KaXKJIOMy BEKTODY TOUKY Ha eJIUHUIHON cepe, COOTBETCTBYIOILYIO
HAIIPaBJIEHUIO 5TOr0 BekTOpa. PaccMorpum Muorowren P(z) = 5($2+m). Han-
HBIl MHOTOYJIEH HEHOJIOKUTENIbHBI Ha oTpeske [—1,0] u oOHyssieTcst TOIBKO
B Toukax £ = 0 u x = —1. Ecm ero npejicraBuTh Kak CyMMy MHOIOUYJIEHOB
Ierentbayspa G’](Cn) (z) (eMm. dopmysbl (6)), mosrydnm:

P(a) = (@’ +2) = — + 26V (@) + L6 (),
2 2n 2 2n

1 ..
co = — . Takum obpazom, Ha enuanaHON cdhepe B R™ He/b3sT PACIIOIOKUTD
2n

bosiee 2n TOYEK C TOMAPHBIMU PacCTOsiHUsAMEU He MeHbImmMmu dem 90°. Kpo-
Me TOTO, eCJIM IOCMOTPETH BHUMATeJbHee Ha PacCyKJIeHUs B pasieie 3, TO
MO2KHO 3aKJIIOYHUTb, 9TO 21 TOYEK MOTLYT pacloJiararbcd Ha cdepe Torja u
TOJIBKO TOTJIa, KOTa KOCHHYC DPACCTOAHUS MEXKIy HUMHU paBeH Jinbo 0, audo
—1. TIo5TOMY 5TH TOYKH CyTh BEPIIMHDI IPABIILHOIO OKTasupal).

Ha camowm Jieste, aHHast 3a/1a49a HECJIOXKHO PEIIAETCs M OOBIYHBIMY I'€OMET-
pudecKuMu coobparkeHusiMu. boJjree Toro, ecin B mpocrpaHcTBe R™ BBIOpaHO

DB Gosbimux Pa3MepHOCTSIX 9TO TEJIO HA3bIBAIOT KPOCCIIOJIATOIIOM.
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k BekTOpoB, e N + 2 < k < 2n, TO yroys Mexjy KaKUMHU-TO JIByMsI BCe-
ria Oyner #e Gosbiie yem 90°. [Ipudem kondwuryparmum, Korga MexKTy HIMI
HET OCTPBIX YIJIOB, HECJIOXKHO Kiaccuduimposarsb, cM. [14]. (TTogymaiite Has
TeM, KaK PACIOJIOKUTh IsITh TOYEK Ha JIBYMEPHON cdepe «ONTUMAJIBHBIM»
06pasom).

st npyrux 2Ke JByX 38789 TeOMETPUIECKOE TOKA3ATEILCTBO HEN3BECTHO,
HO OHH 3aITPOCTO PEIIAIOTCS € [IOMOIIBIO JIEMMBI 3.

Urak, ecam paccMoTperh (IIPeJooKUTEIbHOE) ONTUMAJIBLHOE PaCIoio-
JKEeHHe TOYeK Ha CeMHUMEpPHOi cdepe, TO MOXKHO 3aMEeTUTh, UTO PACCTOSIHUSI
MeXKJly HUMU OpUHUMaOT ciaeaytomnue 3Haderust {60°,90°, 120°,180°}. Kocu-
HYCBI COOTBETCTBYIONUX yraoB pasuer 1/2, 0, —1/2, —1. ITosromy mHOTOUIEH
JUIST JIEMMBI 3 pa3yMHO BBIOPATH TAKUM, ITOOBI OH OOHYJISIIICSI B 3TUX 3HAUEHU-
sIX W TOJIBKO B HUX:

1

f@) =30 = D)2 (e + 5@+ 1),

2

Ecim Pa3JI02KUTDH ,ZLaHHbeI MHOI'O4JICH IIO MHOI'OYJICHaM FereH6ay3pa, MbI
IIOJIYIUM:

f(@) = 50+ 5 GH@) + S G3(@) + o Gi() +

+ 2G(@) + 1Gi(@) + = Gh(@).
Takum obpaszom, f(z) yaoBaerBopsieT BceM TpebGoBaHUSIM JeMMBI 3: K03 du-
[IMEHTDI IIPY PA3JIO2KEHIU MHOTOYIeHa 110 MHOrodIeHaM ['erenbayspa mosioxum-
resibuble, a f(1) = 1. [Toayuaem, 4To KOJIMIECTBO TOUEK Ha cepe ¢ HOIapHbI-
MH PaCCTOAHUAMHI He MeHbITUMHU deM 60°, He MpeBOCXOJUT Cq 1 = 240. Bosee
TOrO, ecan yK 240 ToUeK KaK-TO PaCIOJIOKUINChH, TO HADOP PACCTOSTHUN MeXK-
Jly HUMU 00si3aH IIPHHUMATH OJIHO U3 cjejyromux 3uadenuit {60°, 90°, 120°,
180°}. Biarojapsi 3roMy MOXKHO TIOKa3aTh, 4TO Takoe pacrosiozkenue 240 To-
Y€K eJIMHCTBEHHO C TOYHOCTDHIO /IO BPAIIEHUS.

st 7(24) aHAIOrMIHBI MHOTOUIEH OYJIET CJIEIYIOIIIM

f(@) = oo @ = )@ — P + e+ )@ +1).

Bor ero pazioxenue 1o maorowienam ['erenbayspa:

() = 1961560 * 81719061%4(:6) * 10122811960 G34(x)+
100041055 (®) + TogezaaiC1 (3) + 5ps G 0+
23775674888; %"4( )+ 240463792 G24( )+ %G%( )+
135353054 G24( )+ 22709607772 G%(x) ’

Kak BujmM, Bce Koadummentsr nosozxurenabusl, f(1) =1, a ¢y 1 = 196560.
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7. TIPOBJIEMA 13 IIIAPOB

Ilo Bceit BUANMOCTH, C TIOMOIILIO MeTona JlesbcapTa MOXKHO PENATh MIPO-
61eMy KOHTAKTHBIX YHCEJ TOJIBKO B pasmepHocTax n = 2, 8, 24. Ucnonb3ys
kommbiorep, . IItpom [11] npoepui sror Meros mjist 7(n) ax J0 pasMep-
Hoctu 161, u HUTIE He ODHAPYKUJI TAKUX 3aMeYaTE/bHBIX PABEHCTB, KAK DU

n=28,24.

B srom naparpade Mbl BKpaTIiie OCTAHOBUMCSI Ha Fe€OMEeTPHUYeCKOM 0600IIe-
Huu MeToa /lenbcapTa, KOTOpoe MO3BOJISIET PEMUTh TpodaeMbl 13 u 25 1mapos,
T. €. JoKa3arh, 410 7(3) = 12 n 7(4) = 24. JJokasaresbcTBa 0O0MX PABEHCTB
OY€eHb ITOXOXKH, OJHAKO TEXHHYIECKN CJIydail n = 4 HAMHOIO CIOJKHEe CIIydast

= 3. Ilosromy 37ech MBI pasbepeM TOJIBKO IUIAH JIOKA3aTEIbCTBA CJIydast
n = 3, ollycKasl TeXHHYECKHe JeTasn. 11oapobHble JoKa3aTe beTBa s 1 = 3
u n = 4 MoxkHO HajiTn B paborax [15] u [16] coorBercrBeHHO.

3
IIpu n = 3 muorounensr ['erernbayspa G;) ABJISIIOTCA MH0204AeHAMU Jle-

3)

orcandpa Py, 1.e. Py = G;”. 9T MHOrOYWIEHbI MOXKHO OIPEJEINTh KaK PEKyp-
pertHO (cM. (6)), Tak u mo dbopmysne Poapureca:

Py(t) = (t2 — l)k.

PaccmoTrpum criemyroruit MHOTOYICH:

2431,9 1287,7 183335 3434 83,3
t) = t? t t —1t" — —t
1) 80 20" T a0 T 10 100

1 odr
2k k1 ik

213 2 1
of T 0 " 200

JIEMMA 4. ITyems X = {x1,22,...,25} C S2. Tozda
N N
=> D fleos(wiy) = N
i=1 j=1

Bnece @;; = dist(z;, z;) obosnauaer cdepudeckoe (yryoBoe) paccTOsHHE
MEXJy T; 1u .CL‘j.

JOKA3ATEJIbCTBO. Pazmoxum f mo Py:
f= chpk—Po-i- P1+ P2+ P3+ P4+ P5+ P9

Baecb cg=1,¢, >0, k=1,2,...,9. Ilo coorHomenuto (4) nosryuaem

9

N N
chzzpk COS 801] >ZZCQPDZN2.

=0 =1 j=1 i=1 j=1
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JIEMMA 5. ITyemv X = {x1,22,...,on} — mouxu na S?, yenosoe pac-
CMOANUE P; j MEAHCOY PASAUMHBMU Ti, T; He menvwe 60°. Toeda

N N
S(X) =323 fleos(piy)) < 13N.

i=1 j=1
CH&‘I&H& IIOKazKEM KaK JOKa3bIBaTb I'JITaBHYIO TE€OpEMY.

TEOPEMA 6. 7(3) = 12.

JOKA3ATENBCTBO. IIpemnonoxum, uro X = {x1,x9,...,2N5} — Takoe
pacrosioxkenne Touek Ha S2, mpu koropom N = 7(3). Torma X ymosiaersops-
er mpesmnosioxkenuaM B jemMax. Crano 6brme, N2 < S(X) < 13N. Orciona

N < 13, m.e. N < 12. C apyroii cropombl, Mbl 3HaeM, aro 7(3) > 12, T.e.
N =7(3) = 12.

ITJIAH JOKABATEJIbCTBA JIEMMBI 5. 1. Muorowren f(t) mis to ~ 0.5907
YZIOBJIETBOPSIET CJIEIYIOMUM CBOiicTBaM (cM. puc. 2):
(i) f(t) — monOTOHHO yOBIBaKOmIAst DyHKIMsT Ha oTpe3ke [—1, —to].
(i) f(t) <O mput € (—to,1/2] m f(—ty) = 0.

Puc. 2. I'papuk pyuxuuu f(t)

N N
ITycrs S;(X) := > f(cos(ys,j)), Torma S(X) = ) Si(X). Ilokaxkewm, uro
i—1 i=1

J
Si(X)<13mpui=1,2, ..., N, orciona 6yzuer cienosarb, uro S(X) < 13N.
[Tockombky @;; = 0, 10 f(cosp;;) = f(1). Ilo ycaosuio ¢; j > 60°, i # j,
I TIOJTy9aeM, 49TO cos ¢; ; < 1/2 u cos g; j nexxut Ha orpeske [—1,1/2]. Us (ii)
caenyer, 4to f(cos; ;) < 0 mpu cos g; j € [—to, 1/2]. Obosnaaum J(i) := {j :
cos @; j € [—1,—tp)}. MblI HoIy4mIn HEPABEHCTBO

Si(X) S Ti(X) = f(1) + > flcoseiy).
)

jeJG
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ITycrs 6y = arccosty ~ 53.794°. Torma j € J(i), ecim U TOIBKO €Can @;j >
> 180° — 0, 1.e. 0; < 0o, rie 0; = 180° — ; ;. Ipyrumu ciosamu, Bce Tj j,
J € J(i), nexxar BHyTpH cHepUIECKOl MAOYKA ¢ IIEHTPOM e pajuyca by, Te

€0 = —I; SABJISETCS AHTUIIOJAOM TOUKHU T;.
2. Paccmorpum Tereps Ha S? Taknme TOUYKH €g, Y1, - - - , Ym, ITO
@ j = dist(y;,y;) = 60°,  Vi#j, 0; :=dist(eo,y;) < bp. (10)
O6o3HaunM Yepes (1 HanOOJIBIINY IO BEJIMIUHY 1M TaKyI0, YTO HEPABEHCTBA B
(10) ompeessioT HEIyCTOe MHOYKECTBO TOUEK Y1, - . .y Y.
Mpeanonoxkum, auro 0 <K m < puY = {y1,...,ym} yaosraersopsitor (10).

Bsenem obo3nadenns:

HY)=Hwi, - - ym):=f(1)+ f(—cosby) + ...+ f(—cosbp),

hpm = sup {H(Y)}, hmae :=max{hg,hi,...,hyu}.
Y:|Y|=m

[To onpenenenuto, T;(X) < hy,, tne m = |J(i)|, u, cnienosarensho, S;(X) <
< hp. Takum 06pazsoM, eciim Mbl JOKAXKEM HEPABEHCTBO Mgy < 13, TO MbI
JIOKAZKeM U JIEMMY.

3. Tenepn mokaxkem, uto u < 4.

peanonoxum, aro Y = {y1,...,ym}+ C S? ynosrersopser (10). Moxmo
CYHTaTh, YTO €) — CEBEPHBIN moJioc Ha cdepe U y y; cepudeckne KOOpan-
uatel (65, ¢;). Samernm, 4o #; > 0 npm m > 2. B mporusHOM cilydae pac-
CTOsIHIE OT Yj JO BCEX TOYEK INAIOYKH OyjeT Menbine 60°, a 3HaYMT B Heil
He MOryT HaxoauTcst Touku u3 J (7). Toryma, nucnosb3yst METOIBI SJI€MEHTAPHOM
cdepraeckoii reomerpun (cheprtuecKyo TeopeMy KOCHHYCOB HJIN HEPABEHCTBO
«HAIIPOTUB GOJIBIIETO YIJIA JIEXKUT GOJIbINAasi CTOPOHA TPEYTOJIbHUKAY ), MOXKHO
II0Ka3aTh, YTO PACCTOSHHE MKl TOYKaMu ¢ Koopaunatamu (65, ¢;) n (O, @)
Oyzer He GoJiblle paccTostHUs Mezk Ly Toukami (6o, ¢;) u (6o, ¢k ). Ilosromy Ge3
OrpaHUYeHns] OOIIHOCTH MOYKHO CYMTATD, YTO BCE TOUKHU Y; JIEKAT Ha <«KPAIo
HIATIOYKU», TO €CTh OKPY?KHOCTH € IIEHTPOM €9 U pajmycoM .

Ho na Takoit 0Kpy?KHOCTH MOKHO PACIHOJIOKUTH He 60JIee YeThIPEX TOUEK C
HONapHBIM paccTosgHueM He MeHbiuM 60°. Mbl nporycTum Tpebyemble B 3TOM
MecTe BBIYUCJIEHUS, BIPOUEM, JIIOOOH MOXKET MPOBECTH UX CAMOCTOSATEIBHO.

4. lrak, MBI JIOJ?KHBI JJOKa3aTh HEPABEHCTBO
Rnaz = Max {ho, hl, hg, hs, h4} < 13.
Hecmoxwo Bugers, 1T0

ho = f(1) = 10.11 < 13.
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U3 (i) BbiTekaer uro f(— cosf) siBiisiercss MOHOTOHHO yObIBatoIeil (byHK-
mueit or 0 € [0,6p]. Torma npu m = 1 dyuknua H(0;) = f(1) + f(—cosby)
Jocturaer MakcuMmyma mpu 7 = 0. Orcroma

hi=f(1)+ f(—1) =12.88 < 13.

5. Ilycte m = 2, 3, 4. PaccmoTpuM onTuMAa/IbHBIE PACIIOJIOXKEHUS TOTIEK
{€0, Y1, - - -, Ym} Ha S?, KoTOpPBIE 3a1a10T pasencTBa H(Y) = hy,.

3amMeTnM, 94TO Yj HE MOTYT OBITH CABHHYTHI 110 HAIPABJIEHUIO K €, TAK
kak unade H(Y) ysesmunrcs. Vcnonbsyst 910 HAGIIIOEHNE U €llle HEKOTOPbIe
HECJIOZKHDBIEC TEOMETPUIECKUE PACCYKJICHHUSI, MOXKHO MOKA3aTh, UTO:
upu m = 2, eg € y1y2 u dist(y1,y2) = 60°,
mpu m = 3, TPEYrONMbHUK Ag = Y1y2y3 — PABHOCTOPOHHUIT C JJIMHON CTOPO-
ubl 60° (Kak u Bblie, ey € Ag),
upu m =4, Ay := y1Y2y3y4 — pomb co croponoit 60° u eg € Ay.

6. IlyukT 5 moKa3bIBAET, ITO JJIsT HAXOXKACHUS .y, M = 2, 3, 4, MBI JOJI2KHBI
HajiTu MakcumyM byskmun H(Y') wa orpeske [0,60°] (m = 2), paBHOCTOPOH-
HeM TpeyrosbHuke As (m = 3) u pombe Ay (m = 4). jgs 9T0ro MOXKHO
UCII0JIL30BATh CTAHJIAPTHBIE YHCJIEHHbIE METOJbl. BbIunciieHns MOKa3bIBAIOT,
qarto he ~ 12.8749, hs ~ 12.8721, hy ~ 12.4849, T.e. BO Bcex Tpex CJydasX
hm < h1 = 12.88 < 13. B crarbe [15]| 911 BbIumc/IeHUsT ObLIM yIIPOIIEHBI U,
B XYJIIIEM CJIyYae, CBOJAATCH K BBIYUCICHUIO MAKCUMYMOB (DYHKITHI OT OIHOM
nepemennoit. Urak, h,, < 13 mas Bcex m, Kak U TpebOOBAJIOCH.
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